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Abstract

The inclusion of probabilistic aspects into systems, models and algorithms has become
more and more common in recent days. Stochastic learning is used in the training of
neural networks, randomized incremental constructions are found in the area of compu-
tational geometry and Markov decision processes are a frequently used model in control
theory. These stochastic aspects are also found in probabilistic programming, an extension
of classical programming. Along with programming comes the natural arising problem of
verification of programs, that is, the problem of deciding certain properties about pro-
grams. Stochastic systems are much harder to verify and deciding qualitative properties
such as safety and liveness requires more care. Unlike their deterministic counterpart,
stochastic systems can also be analyzed in a quantitative manner by finding or approx-
imating the probability that the system has certain properties. This thesis aims to give
an overview over so called martingale-based methods which can be used to verify qualita-
tive properties such as almost sure termination, but also to compute quantitative bounds
like reachability probabilities. Themodels under consideration are probabilistic programs
with nondeterminism. We look at the theory of martingale-based verification from two
viewpoints, the probabilistic viewpoint via martingale theory and the order-theoretic view-
point via fixed-point theory. We show the strong similarity between both viewpoints by
redeveloping various martingale-based methods in both frameworks. These include mar-
tingales for deciding almost sure reachability, but also martingales for bounding reacha-
bility and recurrence probabilities. Lastly, we explain the idea of template-based synthesis
to automatically find various martingales for program verification by using optimization
techniques. Linear and polynomial templates are considered and experiments are done
for the former. The results show that while linear template synthesis is a sound technique,
it tends to give trivial or very bad approximations of probability bounds in many cases.
In contrast, for establishing the quantitative property of positive almost sure termination,
even linear templates can be useful.
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1 Introduction

The analysis and study of systems and their runtime behavior is an important research
topic in the field of computer science. There are a variety of different systems and models
to describe them, but the most well-known and powerful ones include Turing machines
and standard computer programs written in a programming language such as C, Java or
Haskell. These systems are sequential, that is, they start from some starting state and then
evolve through repeated transitions to successor states. The state space may be described
as a set S and the evolution as a sequence of states Sω, the runs of the system. An often
asked question is whether the runs of a given program exhibit a certain property such as
guaranteed termination, safety or liveliness. This decision of program properties is known
as verification. Termination, however, is known to be an undecidable property since com-
puter programs are known to be theoretically as powerful as Turingmachines for which the
so called Halting problem is undecidable. So instead of looking at arbitrary, unrestricted
systems, more practical approaches have been adopted. One is to restrict the system, such
as the memory size of a program or the allowed actions of the system. While these restric-
tions can make many problems solvable, real life software may or may not adhere to any of
the restricted models.
Another approach to deal with these kind of problems is to forgo the need to find an

exact solution but to settle with incomplete but sound methods such as system behavior
approximations. A common technique used to prove termination in term-rewriting sys-
tems is by finding a well-ordering on the terms which decreases as rewriting rules are ap-
plied. If such an ordering exists, then only finitely many rewrites can be performed before
the system eventually can not perform anymore rewrites[1, 2]. For deterministic programs,
termination can be shown by finding so called ranking functions[3]. A ranking function can
be seen as a kind of potential which decreases as the system evolves and guarantees that
the system terminates as soon the potential goes below a certain threshold. In this sense,
it induces a well-ordering on the state space of the system. A ranking function f roughly
satisfies two properties:

1. f (s) ≥ f (s′) + 1 for all transitions s→ s′,

2. f (s) ≤ b =⇒ s is terminating state (where b is some threshold value)

Intuitively, the function assigns to each state the distance towards the terminating state
and since it decreases over time (over transitions), it witnesses the fact that the system gets
closer to termination as time progresses. A similar idea is used in systems modeled by
ordinary differential equations (ODEs) where stability can be shown using so called Lya-
punov functions [4, 5]. In either case, a system may be stable or may be terminating but a
ranking function to witness it might not exist or might not be computable. Hence, finding
a ranking function is generally a sound but incomplete method.
Another type of system where this approach is adopted are stochastic systems such as

probabilistic rewriting systems[6, 7] and probabilistic programs. A probabilistic program,
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in contrast to usual deterministic programs, can also model stochastic behavior by e.g.
sampling from distributions or branching in a probabilistic manner. Thus, probabilis-
tic programs exhibit strictly more behavior than their deterministic counterpart, making
problems such as sure termination even harder to handle. Concretely, the notion of ter-
mination is replaced by the notion of almost sure termination, asking whether the system
terminates with probability 1.
Ranking functions as described before are insufficient to witness almost sure termina-

tion. The problem is that many stochastic systems, even when terminating almost surely,
occasionally move away from the terminating state caused by their stochastic behavior.
So instead of a function which witnesses the systems guaranteed evolution towards ter-
mination along all transitions, a function which witnesses an expected evolution towards
termination is more appropriate. For this purpose, so called probabilistic ranking func-
tions (also sometimes called Lyapunov-style ranking functions) are used[8, 9, 10, 8, 11, 12].
Intuitively, they model the expected distance (expected number of steps/transitions) to the
terminating state instead of the real distance.

1. f (s) ≥ Es′( f (s′) | s→ s′) + 1 for all states s,

2. f (s) ≤ b =⇒ s is terminating state (where b is some threshold value)

These probabilistic ranking functions turn out to have supermartingale behavior, which is
a special kind of behavior of stochastic processes whose expected value is non-increasing
over time. This allows the analysis via martingale theory and makes so called martin-
gale concentration inequalities like AzumaHoeffding’s inequality applicable, giving certain
bounds on the systems stochastic evolution.
Instead of looking at the termination problem in a qualitative, boolean way, the notion of

termination probabilities becomes also available. Obviously, determining the exact prob-
abilities encompasses the Halting problem for deterministic systems, making it generally
undecidable. However, the problem of computing probabilities as real values allows a natu-
ral relaxation, namely, approximation instead of exact computation. Probabilistic ranking
functions are not directly applicable in this quantitative setting, but it turns out that the
underlying notion of supermartingales (and also submartingales) is able to be extended
to witness probability bounds. Difference-bounded repulsing supermartingales are a vari-
ation of supermartingale processes that are capable of overapproximating the termina-
tion or reachability probability, that is, they give quantitative bounds instead of qualitative
assertions[12, 13]. These make use Azuma-Hoeffding’s inequality to derive their bounds.
The goal of this thesis is to give a solid understanding on howmartingale-basedmethods

can be used to tackle problems such as deciding (almost sure) termination of probabilistic
programs, or finding bounds on the termination probability. Furthermore, they can also
be used in a variety of other problems such as reachability, bounded reachability and tail
reachability. We consider various different notions of martingales for different purposes
such as

Additive ranking supermartingales for almost sure reachability[12, 13]

Higher order ranking supermartingales for bounding tail probabilities[14]



1 Introduction 3

Nonnegative repulsing supermartingales for overapproximation of reachability prob-
abilities [11, 13]

Nonnegative repulsing δ-supermartingales for overapproximation of bounded reach-
ability probabilities[11]

γ-Scaled submartingles for underapproximation of reachability probabilities[11, 15]

A combination of super- and submartingale for recurrence probabilities

We develop the necessary theory from two different viewpoints, namely, once from the
viewpoint of probabilistic martingale theory and once from the viewpoint of fixed point
theory. From the former one, we derive soundness and completeness results by using the
well-knownOptional StoppingTheorem formartingales. We remark that we donot use any
martingale concentration inequalities at all and solely rely on the Optional Stopping The-
orem. From the fixed point theoretic point of view we derive the same results in a purely
fixed point theoretic manner and establish the connection between martingales and fixed
points. The extensive use of fixed point theory in this probabilistic martingale setting has
recently been made by Takisaka et al.[11] and Kura et al.[14]. We build upon their work and
extend it by providing the link between the commonly used pure martingale theoretic ap-
proaches and their new fixed point theoretic approaches. Our notation is in the remainder
of this work is heavily influenced by Takisaka’s and Kura’s work.

Our setting is probabilistic programs with nondeterminism; an extension of probabilistic
programs with nondeterministic assignments and branchings. In the presence of nonde-
terminism, the goal is to analyze the program under angelic and demonic behavior, i.e. to
give probability bounds for the worst case and best case behaviors.
Martingale methods are applicable to infinite state systems such as those induced by

probabilistic programs and in some cases evenwhennon-deterministic behavior is present.
Remarkably, martingales are effective in the sense that they can be computed - under some
restrictions - automatically using template-based optimization[12, 13, 11, 14]. We give a sim-
ple description on how linear and polynomial templates can be used to compute martin-
gales automatically via linear programming (LP) or semi-definite programming (SDP) and
apply the linear template method experimentally.
Remark. For ease of presentation, the word martingale is often used to include the notions
of supermartingales and submartingales although they are technically no martingales in
the formal sense. In fact, none of the presented methods in this thesis use a strict martin-
gale but always one of its relaxations.
The thesis is structured as follows:

1. Chapter 2 revises the basic theories of probability, measurability and martingales in
Section 2.1. Section 2.2 revises order theory with a focus on lattices and fixed points.

2. Chapter 3 presents the main theory of this thesis showing how martingale-based
methods can be used in program verification. Section 3.1 introduces probabilistic
programs (with nondeterminism) syntactically and gives their semantics in terms
of probabilistic control flow graphs (pCFGs) and Markov decision processes (MDPs).
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Section 3.2 introduces different concrete super- and submartingales which have been
used to verify programs. Each type of martingale has its own dedicated subsection.

3. Chapter 4 explains how different martingales can be automatically synthesized using
template based optimization. Section 4.1 shows that martingale constraints for lin-
ear templates can be reduced to a linear programming problem. Section 4.2 shows
that polynomial template synthesis also works by using semidefinite programming
instead. Lastly, Section 4.3 demonstrates linear template-based synthesis by applying
it to various programs.



2 Background

This chapter explains the basic concepts, notions and definitions used throughout this the-
sis. In particular, it revises the basic ideas of probabilistic theory and order theory with an
explicit focus on their specialized theories of martingales, measurability and fixed points.
Both of these theories are fundamental, and hence, crucial to the understanding of the re-
mainder of this thesis. If the reader is familiar with these topics he may directly skip to
Chapter 3 and come back to this chapter when necessary.

2.1 Probability Theory
This section revises the basics of probabilistic theory needed to understand the main con-
tent of this paper. A special focus lies onmeasure theory andmartingale theory which both
are presented in their own subsections.

Definition 2.1.1 (Probability space). A probability space is a triple (Ω,F , µ) consisting of

1. a set Ω called the sample space,

2. a family F ⊆ P(Ω) of subsets of Ω forming a σ-Algebra,

3. a probability measure µ : F → [0, 1].

The elements of F are called measurable sets, measurable events or simply just events. A set
E which is not contained in F is called non-measurable. A σ-Algebra, in short, is a family of
subsets which contains the whole space Ω and is closed under countable unions, countable
intersections and complements. The probability measure µ simply assigns to each event
the probability that that event occurs. It does so in a reasonable manner, given by the
following axioms:

µ(Ω) = 1,

µ(
∪

i∈N

Ei) = ∑
i∈N

µ(Ei) for countable collections of disjoint events Ei.

The second property of µ is also called σ-additivity or countable additivity. It is easy to
see that µ is monotone, i.e. µ(A) ≤ µ(B) for A ⊆ B. The reason why one restricts to
a subset F ⊆ P(Ω) of measurable events is discussed in Subsection 2.1.1 in more detail.
Broadly speaking, it is by no means easy to assign probabilities to arbitrary subsets of Ω
because of rather complicated, pathological subsets (e.g. the Vitali sets inR). The definition
of σ-Algebra and measurability is also discussed there.

Definition 2.1.2 (Random variable). A random variable X : Ω → Y is a measurable func-
tion1 between the probability space (Ω,F , µ) and the measurable space (Y, Σ).
1Measurability is defined in the following subsection
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In most cases the target measurable space is (R,B(R)) or (R,B(R)) where B denotes
the Borel σ-Algebra and R = R ∪ {±∞} the extended reals, then X is called a (extended)
real-valued random variable. The probability measure µ on (Ω,F ) defines a push-forward
measure µX : Σ→ [0, 1] on (Y, Σ) by assigning to each S ∈ Σ the probability

µX(S) := Pr(X ∈ S) = µ({ω ∈ Ω | X(ω) ∈ S}) = µ(X−1(S)).

For real-valued random variables the concept of integration is definable.

Definition 2.1.3 (Integration). Let X : Ω → [0, ∞] be a nonnegative, real-valued random
variable. Then the integral of X with respect to a measure µ can be defined as∫

Ω
Xdµ =

∫
Ω

X(ω)µ(dω)

:= sup{∑
i

inf{X(ω) | ω ∈ Ai}µ(Ai) | {Ai} is a finite partition of Ω}.

X is said to be integrable if
∫

Ω Xdµ < ∞ holds.

This definition may be extended to real-valued random variables X : Ω → R by splitting
X into its positive and negative parts and integrating them separately:∫

Ω
Xdµ :=

∫
Ω

X+dµ−
∫

Ω
X−dµ,

where X+ := max{0, X} and X− := max{0,−X}. This integral is only defined if either of
the right-hand side integrals takes a finite value. X is then said to be integrable if |X| :=
X+ + X− is integrable, that is, both integrals are finite.
Using the push-forward measure µX of a random variable X : Ω → R one may alterna-

tively integrate over R instead of Ω via the identity∫
Ω

Xdµ =
∫

R
xdµX =

∫
R

xµX(dx).

An important theorem related to integration is the so calledMonotone Convergence Theo-
rem which shows the exchangability of taking the monotone limit and integration.

Theorem 2.1.1 (Monotone Convergence Theorem). [16, Theorem 2.146] Let {Xn}n∈N be a
monotonically increasing sequence of nonnegative random variables that converges point-wise to a
random variable X. Then the limit operation and the integration operation commute:

lim
n→∞

∫
Xndµ =

∫
lim

n→∞
Xndµ =

∫
Xdµ.

Definition 2.1.4 (Moments). The k-th moment of a real-valued random variable X is given
by

E(Xk) :=
∫

Ω
Xkdµ.
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The first moment E(X) is also called the expectation of X. The second moment of the
random variable (X−E(X)) is also known as the variance of X.

In Section 3.1 the notion of probabilistic programs over real-valued variables is introduced.
The objects of interest are the possible runs of the system, that is, the sample space is the
set of all sequences of program configurations. A typical quantity to analyze is the expected
termination time. The termination timemay be given by a randomvariable Twhich assigns
to each run the time it takes to enter a terminating state or ∞ if it does not terminate, then
the problem of deciding positive2 almost sure termination is reduced to computing E(T).

2.1.1 Measurability
Many results about measurability in this section apply to general measurable spaces and
are not unique to probability spaces. Accordingly, most results about measurability are
stated with respect to arbitrary measurable spaces.

The goal of measure theory is to measure objects (subsets) and assign them some kind of
real value indicating mass, size or probability. Consider for example the 2d-plane R2. A
reasonable measure in this setting is the measure of area. For many geometric objects like
rectangles, disks or arbitrary polygons, elementary formulas are known which give the area
of such objects. An immediately arising question is how one measures more complex ob-
jects or even arbitrary subsets of for example R2. Measure theory tries to give an answer
to this question. It turns out that assigning lengths, areas or volumes to arbitrary subsets
of Rn is not easy at all. Indeed, the well known Vitali sets discovered by Giuseppe Vitali
give an example of subsets of R which cannot be assigned a geometric length in a consis-
tent manner. Hence, the Vitali sets are said to be non-measurable. Another example is the
Banach-Tarski paradox which shows that a ball can be decomposed into multiple parts and
then reassembled into two balls of the same size as the original, effectively doubling the
original ball. This decomposition is non-trivial and needs the Axiom of Choice (so do the
Vitali sets). The Banach-Tarski paradox shows that the parts obtained in the decomposition
are in a sense so complexly or oddly shaped that the concept of geometric size fails to apply.
In both cases, it was assumed that a reasonable geometric measure shall be invariant under
translation and rotation. This shows that under these simple geometric conditions we are
forced to somehow restrict the objects to be measured. These kind of problems also arise
when trying to assign a probability to events instead of a geometric size to geometric object.
To circumvent such problems, instead of trying to measure arbitrary subsets, one restricts
to a family of so called measurable subsets which are given in the form of a σ-Algebra.

Definition 2.1.5 (σ-Algebra). A σ-Algebra Σ of a set X is a family of subsets which

contains the whole set X ∈ Σ,

is closed under countable unions:
∪

i∈N Ai ∈ Σ for Ai ∈ Σ,

and is closed under complementation: A ∈ Σ =⇒ (X \ A) ∈ Σ.
2Positive a.s. termination means finite termination time, while (standard) a.s. termination refers to the
probability of termination to be 1. The former implies the latter, but not vice versa.
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The empty set ∅ = X \ X ∈ Σ is also contained in Σ and by De Morgan’s laws, Σ is also
closed under countable intersections.

Intuitively, one expects that if some finite set of objects are measurable then surely their
union, intersection and complement can be measured as well. By applying limit proce-
dures, this concept of measurability can then be extended to countable unions and inter-
sections as well. This intuition leads to the idea to actually construct a σ-Algebra from a set
of simple measurable objects. Assume that there is a family of subsets for which it is easy
to define some kind of measure, e.g. consider the real lineR and its open intervals (a, b). It
is straightforward to assign a size to intervals (a, b), namely the length b− a. Starting from
these open intervals, one can construct a σ-Algebra by finding the closure with respect to
countable unions and complements. This specific σ-Algebra which is generated from the
open intervals is the so called Borel σ-Algebra. It will be formally introduced later in this
section. Although defining this generated σ-Algebra is straightforward, extending the mea-
sure on the simple intervals to the whole σ-Algebra is not. Some more assumptions on the
measure and the generating set are needed to make it work as expected.
Borel σ-Algebras are the most important σ-Algebras in measure theory, and the most

commonly analyzed σ-Algebras are either the Borel σ-Algebras themselves or some larger
σ-Algebra containing it. Before further going into this specific σ-Algebra, we first formalize
the previously mentioned idea of constructing σ-Algebras.

Definition 2.1.6 (Generated σ-Algebra). Let A be a family of subsets of a ground set X.
Define σ(A) to be the smallest σ-Algebra containing A. It is formally given by

σ(A) =
∩
A⊆Σ

Σ

where the intersection ranges over all possible σ-Algebras Σ containing A. This intersec-
tion is well defined, because the family of σ-Algebras is closed under arbitrary intersections
and it is nonempty because it contains a largest element P(X) which always contains A.

Remark. A pre-measure defined on a family of subsets can in generally not be extended to a
measure on its generated σ-Algebra. The generating set has to satisfy some extra properties
in order for this to work. Carathéodory’s extension theorem[17] states that if the generating
set forms a ring, then the pre-measure on this ring can be extended to a measure on the
generated σ-Algebra. If the pre-measure is σ-additive, then this extension is unique.
Now we are ready to define the object of interest, namely measurable spaces.

Definition 2.1.7 (Measurable space). A measurable space is a tuple (X, Σ) where

X is a set,

and Σ is a σ-Algebra over X.

The elements of Σ are said to be measurable.

As the name suggests, a measurable space can be measured by additionally defining a
function µ, the so calledmeasure, which assigns a nonnegative value to each measurable set
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S ∈ Σ. Depending on the context, this value can then be interpreted as a size, mass or even
probability. Generally, there are many ways to choose µ but once a choice has been fixed,
one has a measure space.

Definition 2.1.8 (Measure space). A measure space is a tuple (X, Σ, µ) where

the tuple (X, Σ) is a measurable space,

the measure µ : Σ → [0, ∞] is a σ-additive function satisfying µ(∅) = 0. σ-additivity
of µ means that for any countable collection En ∈ Σ of disjoint sets, the equality
µ(

∪
n En) = ∑n µ(En) is satisfied.

µ is called finite if µ(X) < ∞. It is σ-finite if X is the countable union of measurable sets
with each having finite measure.

If we denote the Borel σ-Algebra of R by B(R), then (R,B(R), µ) is the typical measure
space associated with R, where µ is the unique measure that assigns to an open interval
(a, b) its length b− a. This measure is σ-finite since R is the countable union of the inter-
vals In = (−n, n) (n ∈ N), each of which has a finite measure µ(In) = 2n < ∞. Another
more simple example is a discrete set S with the counting measure µ = # on the power
set P(S) of S. The counting measure simply assigns to each set the number of elements
in that set or ∞ if the set is infinite. Again, # is σ-finite if S is countable infinite and even
finite if S is finite.
A probability space as defined before is nothing but a special kind of measure space,

namely one, where the measure is a probability measure and assigns mass 1 to the whole
space. In particular, probability spaces are finite measure spaces and every finite measure
space (except the trivial constant 0 measure space) is equivalent to a probability space by
simply normalizing the measure, that is, by setting µ′(A) = µ(A)/µ(X). Even σ-finite
measure spaces can be transformed to probability spaces by making use of a countable
partition into finite measure sets. For example, consider throwing a six-sided dice. A pos-
sible measure space is (X,P(X), #) where X = {1, 2, 3, 4, 5, 6} and # is the counting mea-
sure. Since #(X) = 6, this space is no probability space but it is possible to construct the
following probability space (X,P(X), µ) where µ(A) = #(A)/#(X) = #(A)/6. In this
space every possible outcome has equal probability of 1/6. Note that the original finite
measure space and the derived probability space differ only in the associated measure. It is
quite common to have differentmeasures on the same ground set and σ-Algebra, especially
when dealing with probability spaces. This gives reason to the notion of measurable spaces
(X, Σ) where no specific measure is fixed. Also note that the question whether a particu-
lar set A is measurable is independent of the actual measure and solely depends on the
σ-Algebra. Hence, it is enough to consider measurable spaces instead of measure spaces
to decide measurability in many cases. The focus of this subsection lies on the aspect of
measurability therefore it is mostly concerned with measurable spaces.

The definition of Borel sets and Borel σ-Algebras heavily rely on the idea of openness
and closedness of sets. While both of these concepts are familiar in the setting of euclidean
spacesRn, for more complex or evenmore simple spaces like discrete ones, these concepts
might be obscure. First, let us define openness in a more general setting.
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Definition 2.1.9 (Topological space). A tuple (X, τ) is called a topological space if X is a set
and τ is a family of subsets of X satisfying:

∅ ∈ τ and X ∈ τ,

τ is closed under arbitrary unions,

τ is closed under finite intersections.

τ is then called an open topology on X and its elements are called open sets.

An alternative definition requires closure under finite unions and arbitrary intersections,
in which case it is referred to as closed topology and its elements are closed sets. Both defini-
tions are in a sense equivalent and both induce the same Borel structure. Because of this,
every mentioning of topologies in the following sections implicitly refers to open topolo-
gies as defined above unless otherwise specified. Analoguous to the euclidean case, a set is
said to be closed iff its complement is open, i.e. element of the topology. The ground set X
is always open and closed (clopen), so is the empty set. Generally, for every open topology
one can construct a closed topology by complementing each set in the open topology.

The standard example of a topological space (with open topology) is again the real num-
ber line R together with its open sets as the topology τ. In the reals, a subset A ⊆ R is
considered open if and only if for every point a ∈ A there exists an interval I(a, r) = {x ∈
R | |x − a| < r} centered at a with a radius r > 0 which is fully contained in A. These
intervals themselves are open and are also called open neighborhoods of a. It is easy to check
that these usual open sets of R indeed satisfy the necessary properties of an open topology.
Interestingly, it is enough to start from the open intervals of R and then find the smallest
topology which contains all open intervals to get the open topology τ of R. Here it makes
sense to speak of the smallest topology because the family of topologies is closed under
arbitrary intersections, hence one can intersect all topologies which contain the open in-
tervals and get a smallest topology w.r.t. set inclusion. In this case we say that the open
intervals generate τ. In general euclidean spaces Rn, the standard topology is generated by
the open balls B(a, r) = {x ∈ Rn | d(x, a) < r} where d is the usual euclidean distance.
This topology is naturally defined on Rn by its metric d. Indeed, for any metric space,
i.e. a space equipped with a distance function, there is always a naturally corresponding
topology generated via the distance function.
A discrete set S can be endowed with its power set P(S) to form a topological space. In

this case, every subset of S is considered open, in particular, all singletons {s} ⊆ S are
open. This topology is called the discrete topology. In contrast there also exists the indiscrete
or trivial topology which only contains the whole set and the empty set.

Definition 2.1.10 (Continuous function). Let (X, τ) and (Y, τ′) be two topological spaces.
A function f : X → Y is called continuous if for every open set B ∈ τ′ in Y the preimage
f−1(B) is open in X, that is, f−1(B) ∈ τ, or equivalently if f−1(τ′) ⊆ τ holds.

Remark. For the real number line R with its usual topology, a function f on R is topologi-
cally continuous iff it is continuous in the usual sense. In other words, the above definition
is a generalization of the known notion of continuity of real functions.



2 Background 11

Topological spaces themselves are a big research topic in mathematics, however, we are
mainly interested in σ-Algebras and measurability. Having this in mind, we are now ready
to formally define the notion of Borel sets and the Borel σ-Algebra which are fundamental
to measure theory.

Definition 2.1.11 (Borel σ-Algebra). Let (X, τ) be a topological space. Let B(X, τ) be the
smallest σ-Algebra which contains the topology τ. This σ-Algebra is called the Borel σ-
Algebra of X and if the topology is clear from context, we simply write B(X) instead. Its
elements are called Borel sets. Formally,

B(X, τ) = σ(τ)

is simply the σ-Algebra generated by τ.

Sometimes we say that a Borel σ-Algebra is generated by some family of open sets A,
like the open balls in Rn. This means that A generates a topology τ = τ(A) and from
that topology we generate B(X) = σ(τ) which is generally different from the σ-Algebra
σ(A) generated by A directly. The reason is that topologies are closed under arbitrary
unions while σ-Algebras are only closed under countable unions. In cases where uncount-
able unions of a generating setA can be different from countable unions, we have σ(A) 6=
σ(τ(A)). Consider for example all singleton sets of R as a generating set. Every subset
of R can be expressed as an uncountable union of all its elements, hence the generated
topology is P(R). On the other hand, the generated σ-Algebra has only countable unions
and hence only consists of all countable subsets of R and its complements (co-countable
sets). However, in many practical cases such as euclidean spaces with the open topology
σ(A) and σ(τ(A)) do indeed coincide.
Since σ-Algebras are closed under complements, starting from a closed topology (e.g.

the one generated by the closed intervals on R) yields the same Borel σ-Algebra, making
differentiation between closed and open topologies unnecessary in this setting. Generally,
the Borel σ-Algebra contains all open and closed sets, meaning all closed and open sets are
measurable with respect to that σ-Algebra.

Definition 2.1.12 (Measurable function). Let (X, Σ) and (Y, Σ′) be twomeasurable spaces. A
function f : X → Y is said to bemeasurable if the preimage f−1(B) of every measurable set
B ⊆ Y in Y is measurable in X. Formally, f−1(B) ∈ Σ holds for all B ∈ Σ′, or equivalently
f−1(Σ′) ⊆ Σ.

Measurable functions, just like continuous functions, are closed under composition. Of-
tentimes the topology of a given set X is implied or clear by context. In those cases, the
associated Borel σ-Algebra B(X) is implied as well and is not specifically mentioned. We
then call a function f : X → Y Borel measurable, if f is a measurable function from
(X,B(X)) to (Y,B(Y)). The set of all Borel measurable functions from X to Y is denoted
by B(X, Y).
By the definition of measurability of a function f one needs to check that all preimages

f−1(A) of measurable A ⊆ Y are also measurable in X. As those sets A can generally be of
complicated shape, this task can be difficult. However, it actually suffices to consider only
the preimages of a generating set of the σ-Algebra in the codomain. The following lemma
makes this precise.
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Lemma 2.1.2. Let (X, Σ) and (Y, Σ′) be two measurable spaces and let Σ′ = σ(A) be generated
by some family of sets A. A function f : X → Y is measurable iff f−1(A) is measurable in X for
all A inA, or equivalently, iff f−1(A) ⊆ Σ.

Proof. The implication from left to right is immediate. First observe that measurability of
f is equivalent to the inclusion f−1(Σ′) ⊆ Σ and that the statement we need to show is
equivalent to f−1(A) ⊆ Σ. Since A ⊆ Σ′ we see that f−1(A) ⊆ f−1(Σ′) ⊆ Σ holds.
For the other direction, note that inverse images preserve arbitrary unions, intersections

and complements. Because of this, we see that the equality f−1(σ(A)) = σ( f−1(A)) holds.
Now it follows that f−1(Σ′) = f−1(σ(A)) = σ( f−1(A)) ⊆ σ(Σ) = Σ, where the inclusion
holds because of the premise and the last equality holds because Σ is already a σ-Algebra
and thus the smallest one containing itself.

Corollary 2.1.2.1. Let f : X → Y be a continuous function between two topological spaces, then f
is Borel measurable.

Proof. The Borel σ-Algebra B(Y) of Y is generated by the open sets of Y’s topology. From
the previous lemma it suffices to show that the f -preimages of these open sets are mea-
surable in X. Since f is continuous, the preimages of open sets in Y are open in X. By
definition of B(X) all open sets are measurable.

Remark. The Borel σ-Algebra on X is actually the smallest σ-Algebra which makes all con-
tinuous functions f : X → X measurable. Notice that the identity function id : X → X
is continuous. Therefore all open subsets A = id−1(A) must be measurable but B(X) is
precisely the smallest σ-Algebra that makes all open sets measurable.
It is often desirable to have larger σ-Algebras to make more functions measurable and

hence allow better analysis of the measure spaces involved. But as mentioned in the in-
troductory example, choosing too large σ-Algebras such as the power set P may introduce
problems in finding actual measures on the measurable space. Therefore, one approaches
the problem from the other side and starts with a smaller family of sets which is easily mea-
sured, such as the open balls, and then constructs a σ-Algebra accordingly. This approach
has given us the Borel σ-Algebra so far. However, it is possible to extend this σ-Algebra
even further in natural ways.
One such way is the so called completion of measure spaces. The idea is to add null sets,

i.e. sets which have measure 0, to the family of measurable sets. Unlike before, this con-
struction explicitly relies on the given measure.

Definition 2.1.13 (Completemeasure space). Ameasure space (X, Σ, µ) is said to be complete
if every subset N ⊆ A of a null set A ∈ Σ, i.e. a set satisfying µ(A) = 0, is measurable:

N ⊆ A ∈ Σ and µ(A) = 0 =⇒ N ∈ Σ.

Given an incompletemeasure space (X, Σ, µ) one can construct its completion (X, Σµ, µ∗)
in the following way:

1. Find N = {N ⊆ X | ∃A ∈ Σ : N ⊆ A ∧ µ(A) = 0},

2. define Σµ = σ(Σ ∪N ),
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3. let µ∗(A) = inf{µ(B) | A ⊆ B ∈ Σ}.

µ∗ is called the outer measure and in case µ is σ-finite, this µ∗ is the unique extension of µ
to Σµ[17].
Going back to the example of R and its Borel σ-Algebra generated by the open intervals,

the standard measure can be defined as the unique measure that satisfies µ((a, b)) = b−
a. This measure space, however, is not complete. It can be shown that the Cantor set C
has measure zero so all of its subsets should be included in a complete measure space.
A counting argument shows that B(R) has cardinality of the continuum and so does the
Cantor set C. Therefore the power set P(C) is strictly larger than the continuum. That
means there must exist sets in P(C) which are not contained in B(R), however, all those
sets are subsets of a null set and henceB(R) is not complete with respect to µ. Interestingly,
this also shows that the completion B(R)µ is strictly larger than B(X) in cardinality The
associated measure µ∗ can be identified as the Lebesgue measure known from integration
theory.
The obvious disadvantage of completion is the explicit dependency on the measure µ.

In Section 3.2 we are interested in analyzing runtime behavior of stochastic systems, in
particular, of probabilistic programs. In that case we define ameasure on the set of runs (i.e.
sequences of program configurations) but this measure will depend on the initial state of
the system. Because we also consider nondeterministic behavior, the probability measure
will also be dependent on the way in which nondeterminism gets resolved. Through this
dependencies, it is not possible to fix any completion of the associated σ-Algebra a priori.
Rather, we want to measure runs independent of the concrete completion, i.e. we want to
have sets which are measurable with respect to every possible completion. Obviously, the
σ-Algebra of the original, uncompleted measure space satisfies this condition but there
actually exists a larger σ-Algebra satisfying it.

Definition 2.1.14 (Universal completion). Let (X, Σ) be a measurable space. The universal
completion Σ∗ is defined by

Σ∗ =
∩
µ

Σµ

where µ ranges over all σ-finite measures on Σ. A set A ∈ Σ∗ is said to be universally
measurable.

If Σ = B(X) is a Borel σ-Algebra, then we write U (X) as the universal completion of
B(X), i.e U (X) = B(X)∗. It is not immediately clear that the universal completion is larger
than the Borel σ-Algebra, but it can be shown that it indeed is in many cases. Specifically,
for the real numbers R the Borel σ-Algebra B(R) is strictly contained in its universal com-
pletion U (R)[18, Appendix B.3]. Similarly to Borel measurable functions, we say a function
f : X → Y is universally measurable if f is measurable from (X,U (X)) to (Y,U (Y)). The
set of all universally functions from X to Y is denoted by U (X, Y). The following lemma
gives a characterization of universal measurability.

Lemma 2.1.3. [18, Proposition 7.44, Corollary 7.44.1] A function f : X → Y is universally measur-
able iff f is measurable from (X,U (X)) to (Y,B(X)).

To determine universal measurability, it suffices to look at preimages of Borel sets.
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Corollary 2.1.3.1. Every Borel measurable function f : X → Y is universally measurable.

For the analysis of systems, one needs to analyze sequences of states or configurations,
i.e. if S denotes the state space then one is interested in the set of finite runs S∗ or infinite
runs Sω. It is possible to construct appropriate measurable spaces for either of those cases
if a measurable space for S is known. This is done by defining a product operation on
σ-Algebras such that one can construct a σ-Algebra for e.g. X×Y from ones on X and Y.

Definition 2.1.15 (Product measurable space). Let I be an index set and (Xi, Σi) a family of
measurable spaces indexed by i ∈ I. The product space (X, Σ) is defined such that

X := ∏
i∈I

Xi

Σ is the smallest σ-Algebra such that all the projections πi : X → Xi are measurable.

For countable products, the second condition that all the projections are measurable
can be stated in a different manner. The σ-Algebra Σ can equivalently be expressed as the
σ-Algebra generated by the rectangles

{A1 × A2 × · · · × Ai × · · · | An ∈ Σn}.

To see this, let A = A1 × A2 × . . . be a rectangle. Since An is measurable in Xn and
the projection πn is a measurable function, the preimage π−1

n (An) = X1 × · · · × Xn−1 ×
An × Xn+1 × . . . is measurable in the product space X. Now A =

∩
n∈N π−1

n (An) is the
countable intersection of measurable sets and hence measurable itself.
Conversely, if all rectangles are measurable then in particular also the rectangle X1 ×
· · · × Xn−1 × An × Xn+1 × · · · = π−1

n (An), hence πn is a measurable function for all n ∈
N.
For uncountable products, a rectangle can no longer be expressed as a countable inter-

section so the first part of the proof fails. In fact, the product σ-Algebra is then smaller
than the σ-Algebra generated by the rectangles.
Yet another way to construct the product σ-Algebra for countable products is by consid-

ering cylinder sets of the form Cn(A1, A2, . . . , An) = A1× A2× · · · × An×∏i>n Xi where
all the Ai are measurable in Xi. These cylinder sets generate the cylindrical σ-Algebra which
coincides with the product σ-Algebra for countable products. This is easy to see, since ev-
ery cylinder is a rectangle and every rectangle can be expressed as a countable intersection
of cylinder sets.
Cylinder sets are a natural way to represent runtime behavior of infinite state systems.

Consider again a system with some countable state space S which runs indefinitely. A
run or execution of the system then corresponds to an element in Sω. A cylinder set
Cn = A1 × A2 × · · · × An × ∏i>n S distinguishes runs solely on the finite prefixes of
length n and thus containment of a run can be verified after finitely many steps. Many
interesting sets such as the set of terminating runs can be expressed in terms of cylinder
sets as well. A particularly useful property however, is the fact that a (cylinder) measure on
the cylinder sets can be extended to a measure on the infinite runs Sω. For probabilistic
systems, defining a probability on the cylinders then naturally gives rise to a probability
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measure on the set of infinite runs (e.g. via Kolmogorov’s Extension Theorem[17, Theorem
7.7.1]). Wemake use of this in the main part of this thesis where we define a measure exactly
on the cylinder sets and extend it to all infinite runs.
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2.1.2 Martingale Theory
A martingale in probabilistic theory is a special kind of stochastic process, that is, a se-
quence of random variables for which the expected value at some time t + 1 equals the
current value at time t given all previously observed values. In other words, if one stops
the process at some point of time t and observes a current value of mt then the value mt+1
in the next step is expected to stay at the current value on average. For example, consider
a simple coin tossing game where the player bets one dollar on head every round. As-
suming the player can play as long as he wants and is only forced to stop when he goes
broke, this game constitutes a martingale. If at any point in time the player has a pos-
itive amount mt of money, then after playing one more round his expected earning is
E(mt+1) = 0.5(mt + 1) + 0.5(mt − 1) = mt. One can derive the result that the expected
earnings over multiple rounds does not change either. In particular, if the player starts
with an initial wealth m0, then the expected earnings after t more rounds stays at value m0.
The player neither gains nor loses money on average nomatter how long he decides to play
the game.
Now consider the same game but with a different betting strategy. Instead of constantly

betting a single dollar, the player doubles his bet every time he loses until he wins once.
The player’s idea is tomake up all his losses in a single win. If he starts with an initial betm0
then after n losses in a row he will have lost Σn

i=1m02i−1 = m0(2n− 1) dollars, assuming he
does not go broke in between rounds. If he wins on the (n + 1)-th round he gains m0 · 2n

dollars back giving him a total earning of m0 · 2n − m0(2n − 1) = m0 dollars. Since the
probability to permanently lose goes towards 0, the player hopes to eventually win once
and make a profit. This type of betting system, where the player tries to make up for all
the losses by constantly increasing his bet, is also known as a martingale betting system. It
is easy to see that this betting strategy is still a martingale since in every round the player
either wins or loses the bet with probability 1/2 each, which averages out to a winning of
zero dollars per round. In contrast to naive intuition, Martingale theory then predicts that
for any initial bet m0 and total wealth w, the player will not make any winnings on average
despite his clever betting strategy. Only if the player has unbounded wealth, time and bets,
his betting strategy can be considered a winning strategy.

Definition 2.1.16 (Simple martingale). Amartingale is a stochastic random process {Xt}t∈N

such that the conditional expectations exist and satisfy

E(Xt+1 | Xt = xt, Xt−1 = xt−1, . . . , X0 = x0) = xt

for all t ≥ 0. The Xt are real-valued random variables. The existence of the conditional
expectation will be discussed later.

The equality above formalizes the previously given idea of a game where the expected
winnings do not change after playing one more round. A more general definition of mar-
tingales is given later in this section; in particular themeaning of conditional expectation is
explained then. Related to martingales are the two concepts of super- and submartingales
whose definitions are obtained by relaxing the equality on the conditional expectation.
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Definition 2.1.17 (Super- and submartingales). A random process {Xi}t∈N is called a super-
martingale if it satisfies

E(Xt+1 | Xt = xt, Xt−1 = xt−1, . . . , X0 = x0) ≤ xt,

and a submartingale if it satisfies

E(Xt+1 | Xt = xt, Xt−1 = xt−1, . . . , X0 = x0) ≥ xt.

A martingale can then alternatively be defined to simultaneously be a supermartingale
as well as a submartingale. While martingales describe, in a sense, a stable process, super-
martingales describe a process whose value decreases over time. Consider for example a
roulette game where the player constantly bets on the same color red and gets twice his
bet on winning or loses it otherwise. If half of the roulette was red, this gambling process
could be considered a martingale. However, casino roulettes also have a green field mak-
ing strictly less than half of the roulette red. In expectation the player loses money every
round while the casino makes money. The player process is thus a supermartingale and
the casino process can be considered a submartingale.

The examples of martingales given so far were processes where a player repeatedly gam-
bles until he either decides to stop playing or loses all his money. These points of time
where the process is or gets stopped are called stopping times. Stopping times are crucial in
the analysis of martingales as seen in the Optional Stopping Theorem. Informally, a stopping
time is usually given by a stopping rule such as "play until you run out of money" or "play 100
rounds or until you doubled your money". However, these rules cannot be arbitrary and need to
satisfy an essential property. The decision on whether to stop at a point t in time must be
made solely from past and current information. For example, the rule "stop as soon as you
reach the maximumwinning you will ever earn" is not a stopping rule because it inquires infor-
mation about the future of the process. To formally define these restrictions, the notions
of adapted processes and filtrations are needed.
Remark. Some authors require a stopping rule to be finite almost surely, meaning that it
will be satisfied after finite time with probability 1. We do not impose this restriction here.

Definition 2.1.18 (Filtered probability space). Let (Ω,F , µ) be a probability space. A filtra-
tion is an increasing sequence F = {F}t∈N of sub-σ-Algebras of F . The tuple (Ω,F , F, µ)
is then called a filtered probability space.

The idea of a filtration is to restrict the accessible information for random processes at
any given time in such a way that the available information increases over time. If a random
process {Xt}t∈N at time t only depends on the information available inFt, that is, its value
Xt can be determined given the information in Ft, then the process is said to be adapted to
the filtration {Ft}t∈N.

Definition 2.1.19 (Adapted process). Let (Ω,F , F, µ) be a filtered probability space where
F = {F}t∈N is a filtration. A stochastic process {Xt}t∈N is adapted to F iff:

∀t ∈N : Xt is Ft-measurable.
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The measurability condition expresses the fact that the value of Xt is determined only
by information available at time t. Consider a repeated coin tossing process where Xt
takes values in {H, T} depending on the outcome of the t-th coin toss. Assume the coin
is tossed a total of n times, then the associated sample space is Ω = {H, T}n and the
σ-Algebra is its power set P(Ω). The probability measure does not matter for the ex-
ample but we can assume a uniform distribution, meaning that every outcome is equally
likely. Now we want to model the fact that at some time t we have only information about
previous results. Consider the filtration defined by F0 = {∅, Ω}, Ft = σ({C1 × C2 ×
· · · × Ct × {H, T}n−t | Ci ∈ {H, T}}). The σ-Algebra Ft is generated by cylinder sets
of bounded length t. This filtration captures the idea that at time t we only have infor-
mation about the first t coin tosses. To see this, take some event E ∈ Ft. E can be ex-
pressed in terms of the generating sets. For simplicity assume E is one of the generat-
ing sets, then it has the form E = C1C2C3 . . . Ct{H, T}n−t. E contains exact information
about the first t outcomes but only has the trivial information that the last n − t tosses
are either head or tail. Also note that the sequence of σ-Algebras is indeed increasing be-
cause a generating set C1C2 . . . Ct−1{H, T}n−(t−1) ∈ Ft−1 of Ft−1 can be expressed as the
union C1C2 . . . Ct−1H{H, T}n−t ∪ C1C2 . . . Ct−1T{H, T}n−t of events in Ft. Now consider
the process {Xt}t=1,...,n mentioned above. To show that the process is indeed adapted to
the filtration, we need to show measurability of the random variable Xt with respect to
Ft, i.e. we need to show that the preimages X−1

t (H) and X−1
t (T) are contained in Ft. We

have X−1
t (H) = {C1C2 . . . Cn ∈ {H, T}n | Ct = H} =

∪{C1C2 . . . Ct−1H{H, T}n−t |
Ci ∈ {H, T}} ∈ Ft. Similarly, we have X−1

t (T) = {C1C2 . . . Cn ∈ {H, T}n | Ct = T} =∪{C1C2 . . . Ct−1T{H, T}n−t | Ci ∈ {H, T}} ∈ Ft. The second part also follows from the
facts that T is the complement of H, σ-algebras are closed under complementation and
preimages preserve complements. Now we are ready to define stopping times formally.

Definition 2.1.20 (Stopping time). Let (Ω,F , F, µ) be a filtered probability space where
F = {Ft}t∈N is a filtration. A stopping time T : Ω → N ∪ {∞} is a random variable such
that the events {T = t} are Ft-measurable:

∀t ∈N∪ {∞} : {T = t} ∈ Ft

where F∞ := σ(
∪

t∈NFt). Alternatively, T is a stopping time if the process {Xt}t∈N de-
fined by

Xt =

{
1, if T ≤ t
0, otherwise

is adapted to F.

The notation {T = t} here is a shorthand for the set {ω ∈ Ω | T(ω) = t}. Again,
the measurability constraint makes sure that the stopping rule only uses current and past
information to decide whether to stop. Note that because Ft is a σ-Algebra, measurability
of {T = t} is equivalent to the measurability of {T ≤ t} or {T ≥ t}.
Notable examples of stopping times include the termination time of a process or the

first hitting time of some target state in a state-based system. Clearly, these can be related
to termination of programs and reachability in programs respectively, making stopping
times a valuable tool in analyzing probabilistic programs.



2 Background 19

Stopping times have been introduced as some sort of rule to decide when to stop a given
process like a gambling game, however, no formal definition on what stopping a process
actually means is given thus far. We define it now.

Definition 2.1.21 (Stopped process). Let {Xt}t∈N be a random process adapted to a fil-
tered probability space (Ω,F , {Ft}t∈N, µ) and let T be a stopping time. The stopped process
{XT

t }t∈N is defined by
XT

t = Xmin{T,t}.

Some important properties of stopping times and stopped processes include

1. If {Xt}t∈N is a martingale, then so is the stopped process {XT
t }t∈N. Analogous re-

sults hold for super- and submartingales.

2. The minimum T ∧ S of two stopping times T and S is again a stopping time. So
are the maximum S ∨ T and the sum S + T. The difference S − T, however, is no
stopping time.

3. The constant stopping time k : ω 7→ k is a stopping time for all natural numbers
k ∈N.

Theorem 2.1.4 (Optional stopping theorem[19]). Let (Ω,F , {Ft}t∈N, µ) be a filtered proba-
bility space and let {Xt}t∈N be an adapted martingale. If T is a stopping time and one of the three
following conditions holds:

(a) T is almost surely bounded, i.e. T ≤ c holds with probability 1 for some c ∈ R.

(b) The expectation of T is finite (E(T) < ∞) and the conditional expected change of the mar-
tingale is almost surely bounded, i.e. E(|Xt+1 − Xt| | Ft) ≤ c holds almost surely for a
constant c.3

(c) The stopped process XT
t is almost surely bounded for all t, i.e. |XT

t | = |Xmin{t,T}| ≤ c for
some constant c holds almost surely.

Then the equality E(XT) = E(X0) holds. If {Xt}t∈N is a supermartingale instead then E(XT) ≤
E(X0) holds, and if it is a submartingale then E(XT) ≥ E(X0) holds instead.

The Optional Stopping Theorem states that, under any of the specified conditions, no
matter the gambling strategy (stopping time), the gambler neither makes nor loses money
on average in a martingale game. Let us reconsider the example of a gambler who plays a
roulette game and repeatedly bets on red but doubles his bet every time he loses the bet.
We already noticed that this game is a martingale if no green field is on the roulette, so
for an appropriate stopping time, the above theorem can be applied. Let us look at every
one of the three conditions in this context. The first condition states that the number of
rounds the gambler can play before he stops (or is forced to stop) is bounded. Examples of
such bounds are (1) the bounded life time of the gambler or (2) the bounded opening times
of the casino. The second condition states that the gambler will eventually stop playing
3this notion of conditional expectation is introduced in the following.
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and the casino has a limit on the allowed bets. A limit on bets would disallow the strategy
of repeatedly doubling bets. The third condition states that the amount of money he can
win or lose in total is bounded because for example either he goes broke and has to stop
playing or the casino goes broke and can not pay him out anymore. In any of those three
cases, the Optional Stopping Theorem says that the gambler will neither make nor lose any
money in expectation. And if a green field is included on the roulette, the gambler will lose
money while the casino will make money over time.

For themain part of thesis, we actually need amore general definition of martingales us-
ing the so called conditional expectation. We alreadymade use of it in part (b) of the Optional
Stopping Theorem.

Definition 2.1.22 (Conditional expectation). Let (Ω,F , µ) be a probability space and H ⊆
F a sub-σ-Algebra. The conditional expectation E(X | H) of a random variable X with
respect toH is anyH-measurable function that satisfies almost surely∫

H
E(X | H)dµ =

∫
H

Xdµ

for all H ∈ H.

The definition is quite hard to understand, but it is worth noting that the conditional
expectation itself is a random variable and not a single value. Intuitively, the conditional
expectation E(X | H) gives the expected value of X given that we know all outcomings of
events inH. It can be thought of as having some certain fixed information about X and the
expectation is only taken with respect to the remaining uncertain information. We give a
slightly different and more easily to understand view on it later.
Usually, the conditional expectation assumes integrability of X so that the defining inte-

grals are well-defined and the existence can be proven by Radon-Nikodym’s Theorem. But
this requirement is not necessary. It is for example possible to extend the above defini-
tion to arbitrary positive random variables by considering X as the limit of the sequence
(X ∧ n). Every (X ∧ n) is integrable and hence its conditional expectation E(X ∧ n | H)
exists. Using the Monotone Convergence Theorem, we get E(X | H) as the limit of the
increasing sequence E(X ∧ n | H). This naturally extends to any lower bounded random
variable X with lower bound k ∈ R by considering (X + k) which is a nonnegative random
variable. We do not go further into details but the conditional expectations we consider
in the main section of this thesis are always well defined. Some important properties of
conditional expectation include:

E(X | {∅, Ω}) = E(X). If no information (= the trivial sub-σ-Algebra) is given, then
it coincides with the unconditional expectation.

E(X | H) = X, if X isH-measurable. Intuitively, the information inH is enough to
determine the value of X completely; there is no uncertainty.

(Linearity) E(αX + βY | H) = αE(X | H) + βE(Y | H).

(Monotonicity) For X ≤ Y we have E(X | H) ≤ E(Y | H).
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(Law of total expectation) E(E(X | H)) = E(X).

The above equalities and inequalities are taken to hold almost surely. Most properties
of the regular expectation are also satisfied by the conditional expectation. From the first
property, the conditional expectation is easily seen to be a generalization of the regular
expectation. The Monotone Convergence Theorem 2.1.1 does also hold for the conditional
expectation.
Remark. The meaning of "almost sure equality" between two functions means that these
functions are not necessarily equal everywhere, but the set of points where they differ is a
null-set, i.e. a set of measure 0. Such functions, while not identical, are indistinguishable
when integrated. Since conditional expectation is solely defined by its properties when
integrated, there can exist a multitude of almost surely equal random variables that are
candidates for the conditional expectation.

Definition 2.1.23 (Generalmartingale with respect to filtration). Let {Yt}t∈N be a stochastic
process adapted to a filtration {Ft}t∈N. {Yt}t∈N is a martingale if

E(Yt+1 | Ft) = Yt

holds almost surely for all t ∈N. Super- and submartingales are defined similarly.

Definition 2.1.24 (Generalmartingalewith respect to another randomprocess). Let {Yt}t∈N

and {Xt}t∈N be stochastic processes. Yt is a martingale with respect to Xt if for every t ∈N

the equality
E(Yt+1 | Xt, Xt−1, . . . , X0) := E(Yt+1 | Ft) = Yt

holds almost surely, where Ft := σ(Xt, Xt−1, . . . , X0) is the smallest σ-Algebra that makes
X0, . . . , Xt measurable. This naturally extends to super- and submartingales as before.

The conditional expectation with respect to another random process has an easy inter-
pretation. E(Yt+1 | Xt, Xt−1, . . . , X0) is the expected value of Yt+1 given that we know
the values of X0 up to Xt. The expectation in this case can be thought of as a function
that takes the values x0, . . . , xt as input and produces the value E(Yt+1 | Xt = xt, Xt−1 =
xt−1 . . . , X0 = x0), which is the expected value of Y at time (t + 1), given that we know the
history of the process X till now. In Section 3.2 we make use of this particular definition
and use the natural random process Ct which returns the system state visited at time t.
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2.2 Order Theory
This section revises the fundamentals of order theory with a special focus on complete
lattices and fixed points of their monotonous endofunctions. Usual problems in program
verification include reachability (is a certain program state reachable?) and safety (does the
program always stay in a safe region?). Both of these typical problems admit formulations
via fixed points of certain operators. For example, consider a system which has some state
space S. We are interested in the reachability region of that system starting from some
initial state s0. Generally, not all possible system states will be reachable so we are looking
for a true subset R ⊂ S. Assume we have a single-step-operation X which computes from
a set A ⊆ S all the states X(A) which are reachable in a single step from A. We can then
express the reachability region as a least fixed point of the following monotone operator
A 7→ A ∪X(A) ∪ {s0}. In a similar manner, safety properties and invariants of a system
or program can be described as greatest fixed points of appropriate operators.
Themain topic of this thesis ismartingale-basedmethods for program verification, how-

ever, these methods can also be derived from a purely order theoretic point of view. This
gives two different viewpoints on the same methods and hence allows reasoning via two
different frameworks. While most results can be derived either way, in many cases one of
the viewpoints tends to be easier to reason with. The key theorems here are the well-known
Knaster-Tarski theorem and the Cousot-Cousot theorem (also often known as Kleene fixed-
point theorem). They crucially rely on the concepts of complete partial orders or complete
lattices.

Definition 2.2.1 (Lattice). A lattice is a tuple (L,≤) where

L is a set,

≤ is a partial order on L, that is, a reflexive, transitive and antisymmetric relation on
L,

every finite subset S ⊆ L has a supremum
∨

S ( join) and an infimum
∧

S (meet) in
L.

If join and meet exist for arbitrary subsets of L, then the lattice is called complete. Complete
lattices always have a least element⊥ =

∧
L (bottom) and a largest element> =

∨
∅ (top).

An example of a lattice is the interval [0, ∞) ordered by the usual ordering on the reals.
The join is given by the maximum function, while the meet is given by the minimum
function. The lattice has a bottom element ⊥ = 0 but no top element, hence it is not
complete. If one extends the interval to [0, ∞] by including positive infinity, the interval
becomes a complete lattice where join and meet are given by supremum and infimum
instead.

Definition 2.2.2 (Monotone function). A function f : (L,≤)→ (L′,v) is called monotone if
it preserves order:

a ≤ b =⇒ f (a) v f (b).
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Monotonically increasing functions on R are then simply monotone functions on the
lattice (R,≤). Functions into a lattice (L,≤) can be ordered by extending the ordering ≤
point-wise: f v g ⇐⇒ ∀x ∈ L : f (x) ≤ g(x). Interestingly, the set of functions with
point-wise ordering v then again forms a lattice. This function lattice is complete if the
codomain lattice is complete.

Lemma 2.2.1. The set of all functions [X → L] into a (complete) lattice (L,≤) is a (complete) lattice
ordered by the partial order f v g ⇐⇒ ∀x ∈ X : f (x) ≤ g(x).

Proof. It is straightforward to see that the ordering on the function lattice is indeed a partial
order. The join and meet of functions is given by point-wise join and meet on their values.
If the codomain is complete then arbitrary point-wise joins andmeets exist on the function
lattice, hence it is also complete.

In Section 3.2 we are mainly interested in fixed points in a function lattice, that is, fixed
points of monotone mappings on that function lattice, so the stated lemma proves very
useful. A powerful theorem which characterizes certain fixed points of monotone endo-
functions is due to Knaster and Tarski.

Theorem 2.2.2 (Knaster-Tarski[20]). Let f : L → L be a monotone endofunction on a complete
lattice, then f has a least and a greatest fixed point denoted by µ f and ν f respectively. Furthermore,

1. µ f = inf{x ∈ L | f (x) ≤ x} = ∧
f (x)≤x x is the least prefixed point, and

2. ν f = sup{x ∈ L | x ≤ f (x)} = ∨
x≤ f (x) x is the greatest postfixed point.

Knaster-Tarski’s theoremdoes not only guarantee the existence of least and greatest fixed
points but also gives a way to compute them. Moreover, it provides the following reasoning
principle which is fundamental to this thesis.

Corollary 2.2.2.1. Let f : L→ L be a monotone endofunction on a complete lattice, then

1. f (x) ≤ x =⇒ µ f ≤ x, and

2. x ≤ f (x) =⇒ x ≤ ν f .

Proof. This follows immediately fromKnaster-Tarski’s theorem. µ f is the least pre-fixpoint
of f , hence every pre-fixpoint is greater than µ f . Similarly, ν f is the greatest post-fixpoint
and thus every post-fixpoint is less than ν f .

Section 3.1 demonstrates how pre-fixpoints and post-fixpoints are related to super and
submartingales. This connection allows the study of martingales in a fixed point theoretic
manner. Finding the fixed points exactly is a difficult task so the reasoning principles de-
rived fromKnaster-Tarki’s theoremgive a usefulmethod to at least approximate the desired
fixed points. One should note that this reasoning only gives approximations in a single di-
rection and it can not be used to underapproximate least fixed points or overapproximate
greatest fixed points.
Another powerful theorem is by Cousot-Cousot. It characterizes the least and greatest

fixed points as limits of possibly transfinite iterations. Cousot-Cousot’s iteration procedure
is essentially equivalent to the well known Kleene fixed point iteration, however, it gener-
alizes Kleene’s version by considering transfinite sequences, i.e. ones which are indexed by
ordinals instead of usual sequences indexed by natural numbers.
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Theorem 2.2.3 (Cousot-Cousot[21]). Let f : L → L be a monotone endofunction on a complete
lattice (L,≤). The supremum ∨

f α(⊥) of the increasing transfinite sequence f α(⊥) defined by

1. f 0(⊥) = ⊥,

2. f α+1(x) = f ( f α(x)),

3. f α(x) =
∨

β<α f β(x) if α is a limit ordinal

is the least fixed point µ f of f . Dually, starting from > and replacing the supremum in 3. by an
infimum gives a decreasing sequence f α(>) whose infimum is the greatest fixed point ν f .

While Cousot-Cousot’s theorem provides a practical way to actually construct or at least
approximate fixed points, it is mainly used as a reasoning tool in this thesis. The Markov
decision processes induced by probabilistic programs in Section 3.1 generally have infi-
nite state space which makes iteration methods impractical. Indeed, for the purpose of
automated synthesis of martingales, Knaster-Tarski’s theorem gives an effectively usable
characterization of fixed points which is demonstrated in Chapter 4. Interesting is the
asymmetry between Cousot-Cousot’s and Knaster-Tarski’s results. The iteration starting
from ⊥ increases to the least fixed point µ f , hence underapproximating it. On the other
hand, a pre-fixpoint of f gives an overapproximation of µ f according to Knaster-Tarski.
Remark. Both theorems actually give stronger results than presented. However, the weaker
versions presented here are sufficient for the purpose of this thesis.
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This chapter is the main part of this thesis and deals with martingale-based methods in
program verification for probabilistic programs. Although most methods introduced in
this chapter are widely known in this field, we give a unified view via both probabilistic
martingales as well as fixed point theoretic martingales. The close connection between
both approaches is made apparent. Section 3.1 explains the notion of a probabilistic pro-
gram with nondeterminism and defines its syntax and semantics formally. Section 3.2 de-
velops the theory of martingales for probabilistic programs and addresses issues such as
measurability. Concrete martingale-based methods are then explained in individual sub-
sections.

3.1 Probabilistic programming
Probabilistic programs can model stochastic choices such as probabilistic branchings (e.g.
a coin toss) or probabilistic assignments (e.g sampling from a distribution) in addition to
what a standard deterministic program can do. In recent years incorporating stochastics
into programming has become ever so popular. Applications include stochastic optimal
control problems[18, 22], stochastic algorithms[23] and probabilistic machine learning[24].
In the first case, the probabilistic aspect allows tomodel disturbances on the system such as
inaccuracies in the control or influences from outside. In the second and third case, incor-
porating probabilistic choices into algorithms can give better (expected) runtimes or other
nice properties on the expense of being more hard to analyze and having less guarantees.

3.1.1 Programming Languages APP and PPP
This subsection introduces the two probabilistic programming languages APP and PPP.
APP stands for affine probabilistic programs and PPP for polynomial probabilistic programs. Their
difference lies in the type of assignment they are allowed to use. In APP every assign-
ment and boolean expression is affine linear, i.e. has the form x := αx + βy + · · ·+ c and
αx + βy + · · ·+ c ≥ d. In particular, polynomial expressions of degree at least 2 such as
squares are not allowed. PPP in contrast allows arbitrary polynomials as expressions but
cannot handle functions like ex or trigonometric functions. While the theory ofmartingale-
based verification can handle arbitrary measurable functions, the template-based synthesis
introduced in Chapter 4 can only handle affine and polynomial functions.

Definition 3.1.1 (Affine and polynomial probabilistic programs). An affine linear program
(APP) is given by the following grammar.

〈stmt〉 ::= 〈assgn〉
| skip
| 〈stmt〉;〈stmt〉
| if 〈ndbexpr〉 then 〈stmt〉 else 〈stmt〉 fi
| while 〈bexpr〉 do 〈stmt〉 od
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〈assgn〉 ::= 〈pvar〉
| 〈expr〉
| 〈pvar〉 := 〈dist〉
| 〈pvar〉 := ndet(〈dom〉)

〈expr〉 ::= 〈constant〉
| 〈pvar〉
| 〈constant〉·〈pvar〉
| 〈expr〉 + 〈expr〉
| 〈expr〉 - 〈expr〉

〈dom〉 ::= Real
| Real[〈const〉, 〈const〉]
| 〈dom〉 or 〈dom〉

〈bexpr〉 ::= 〈conjexpr〉
| 〈conjexpr〉 or 〈bexpr〉

〈conjexpr〉 ::= 〈literal〉
| 〈literal〉 and 〈conjexpr〉

〈literal〉 ::= 〈expr〉 ≤ 〈expr〉
| 〈expr〉 ≥ 〈expr〉
| ¬〈literal〉

〈ndbexpr〉 ::= ⋆
| prob(p)
| 〈bexpr〉

〈pvar〉 ::= v ∈ V

〈dist〉 ::= d ∈ D(R)

〈const〉 ::= c ∈ R

Here the set V is a finite set of variables and D(R) is the set of distributions over R. The
grammar for PPP is essentially the same but the multiplication rule is extended by multi-
plication of expressions

〈expr〉 ::= 〈expr〉·〈expr〉.

The intended semantics for all purely deterministic program fragments is as usual. The
non-deterministic branching simply takes one of the two branches non-deterministically
(resolved by a scheduler, which is defined later). The probabilistic branching with param-
eter p ∈ [0, 1] takes the first branch with probability p and the other one with probability
(1− p). Probabilistic assignments sample from a given distribution. Non-deterministic
assignments pick a value non-deterministically from the reals or from a given set which is
the union of real intervals.
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3.1.2 Semantics of probabilistic programs
The semantics of probabilistic programs are given by probabilistic control flow graphs
(pCFGs). A pCFG is nothing but a Markov Decision Process (MDP) but defined in a way to
more closely resemble the operational semantics of probabilistic programs.

Definition 3.1.2 (pCFG[11, 14]). A probabilistic control flow graph (pCFG) Γ = (L, V, 7→
, Up, Pr, G) consists of

a finite set of locations L = LA + LN + LP + LD partitioned into assignment, nondeter-
ministic, probabilistic and deterministic locations,

a finite set of program variables V = {x1, . . . , x|V|},

a total transition relation 7→⊆ L× L on L. Every location l ∈ L has a non-empty set
of successors succ(l) := {l′ ∈ L | l 7→ l′} with the additional condition that the
successor is unique for assignment locations,

an update function Up : LA → V×U where U = B(RV , R)∪D(R)∪B(R). U is par-
titioned into three parts representing deterministic, probabilistic and nondeterministic
assignments, respectively, and LA = LAD + LAP + LAN can be partitioned accord-
ingly.

a function Pr : LP → D(L) assigning to every probabilistic location l ∈ LP a dis-
tribution Pr(l) such that supp(Pr(l)) := {l′ ∈ L | Pr(l)(l′) > 0} ⊆ succ(l). We
sometimes write Prl instead of Pr(l).

a guard function G : LD× L→ B(RV) assigning to each deterministic location l ∈ LD
and target location l′ ∈ L a guard G(l, l′) such that {G(l, l′)}l′∈succ(l) is a partition of
RV for each l ∈ LD. We write x |= G(l, l′) instead of x ∈ G(l, l′).

Before going into the concrete semantics, we first give a short explanation of the above
items. The locations can be differentiated into four types where LA describes assignments
and LN, LP and LD describe the three different branching types, i.e. nondeterministic,
probabilistic and deterministic branching. Assignment locations have a unique succes-
sor and assign a value to a single program variable xj ∈ V. They can be further divided
into three types corresponding to deterministic assignment LAD (given by a function in
B(RV , R)), probabilistic assignment LAP (given by a distribution in D(R)) and nondeter-
ministic assignment LAN (given by a set in B(R)). Probabilistic branching is given by the
function Pr and the additional condition enforces that only successors l′ ∈ succ(l) of a
location l can have positive probability. The guard function G assigns a subset G(l, l′) ∈
B(RV) of RV to each possible transition l 7→ l′. The transition is enabled if the current
valuation x of the program variables is contained in G(l, l′). The condition on G makes
sure that there is always exactly one transition enabled.
A configuration of a pCFG Γ is a tuple c = (l, x) ∈ L × RV consisting of a program

location l and a valuation of the program variables x. A run of Γ is an infinite sequence
c0c1 · · · ∈ (L×RV)ω of configurations such that for each pair of successive configurations
ci = (l, x) and ci+1 = (l′, x′) we have
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if l ∈ LD then x = x′ and l′ is the unique location satisfying x |= G(l, l′),

if l ∈ LP then x = x′ and Prl(l′) > 0,

if l ∈ LN then x = x′ and l 7→ l′,

if l ∈ LA and Up(l) = (xj, u) then l′ is the unique successor l 7→ l′ and

if u = f ∈ B(RV , R) then x′ = x(xj ← f (x)),

if u = d ∈ D(R) then x′ = x(xj ← a) where a ∈ supp(d),

if u = A ∈ B(R) then x′ = x(xj ← a) where a ∈ A.

The support of a distribution d is defined as supp(d) := {s ∈ R | ∀N ⊆ R : N is open ∧
s ∈ N =⇒ d(N) > 0}. It is the set of all values s such that any open neighborhood
containing s has positive measure.
The set of all runs is denoted by Run(Γ). A finite prefix π = c0c1 . . . ck ∈ (L×RV)k of

a run is called a path. The set of all paths is denoted by Π = Paths(Γ). We use a subscript
to denote the paths which end in a specific type of configuration, e.g. ΠAN ⊆ Π× (LAN ×
RV) is the set of all path whose last location is a nondeterministic assignment.
The goal is to analyze the runtime behavior of the system, i.e. computing probabilities

that runs exhibit a certain behavior such as being terminating, being recurrent or always
being safe. In order to do so, one needs to associate a probability space to a pCFG Γ. The
sample spaceΩwill simply be the set of all infinite sequences of configurations (L×RV)ω.
Restricting to only the runs is not necessary because we can define a probability measure ν
on the sequences such that ν(Run(Γ)) = 1 and no set of non-valid runs has positive prob-
ability. Once a σ-Algebra Σ over L×RV is fixed, such as B(L×RV), a natural candidate
for the σ-Algebra over (L×RV)ω is the product σ-Algebra over infinitely many copies of
Σ. And indeed, the product σ-Algebra will be used, however, for ease of analysis we actu-
ally enlarge it. The reason here is twofold. First, larger σ-Algebras make more functions
measurable, thus potentially allowing for more properties to be analyzed. Secondly, Borel
sets are missing some nice properties, e.g. the projection of a product Borel measurable
set may fail to be Borel measurable[18, Appendix 3.B]. For these reasons, it is common to go
over to universally measurable sets instead. So the σ-Algebra in use will be U ((L×RV)ω)
which is obtained by first taking the countable product of Borel σ-Algebras B(L×RV) and
then forming its universal completion.
In order to define an appropriate probability measure, one first needs to resolve the

nondeterminism of the system. For this purpose, the notion of a scheduler (also known as
policy or strategy) is defined.

Definition 3.1.3 (Scheduler[11, 14]). Let Γ = (L, V, 7→, Up, Pr, G) be a pCFG. A scheduler
σ = (σt, σa) is a pair of functions σt : ΠN → D(L) and σa : ΠAN → D(R) such that for
any path π = c0c1 . . . ck with ck = (l, x) we have

if l ∈ LAN and Up(l) = (xj, A) then supp(σa(π)) ⊆ A,

if l ∈ LN then supp(σt(π)) ⊆ succ(l).
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Both σa and σt are universallymeasurable, i.e. they are universallymeasurable stochas-
tic kernels on R and L given ΠAN and ΠN , respectively.

The set of all schedulers associated with Γ is denoted by SchΓ.

The component σa resolves nondeterministic assignments by defining a probability dis-
tribution on A, essentially replacing it by probabilistic assignments. Similarly, σt replaces
nondeterministic branching by probabilistic branching. Schedulers are in general history-
dependent, meaning they can resolve nondeterminism depending on the past behavior of
the system. For any given historyπ ∈ Π and scheduler σ, the scheduler σπ with past history
π is defined such that σπ(π′) = σ(ππ′) holds.
We enlarge the domain of the schedulers to arbitrary finite, non-empty sequences (L×

RV)+ such that for any non-valid path π = c0 . . . ck we have σ(π) = δck . That is, the
scheduler will simply loop inside the current configuration.
The measurability condition on the scheduler is important. Consider a system with a

single real valued variable x which takes values in the unit interval [0, 1] uniformly dis-
tributed. If no restriction on the scheduler is assumed, then the scheduler may resolve a
nondeterministic binary branching depending on x such that branch (1) is taken if x is in
a Vitali set A (or any other non-measurable set) and else branch (2). The probability that
the system takes branch (1) is then exactly the probability that x is contained in A which is
given by its Lebesgue-measure µ(A) (since x is uniformly chosen). This is not well-defined
since A is not measurable. To prevent this, the measurability condition is needed.
Once a scheduler σ ∈ SchΓ and an initial configuration c0 ∈ L×RV has been fixed, the

system becomes a fully probabilistic system and its behavior can be intuitively described as
follows. The system starts in c0 and performs deterministic and probabilistic transitions
as seen above. Whenever it reaches a nondeterministic location after a finite, non-empty
sequenceπ = c0c1 . . . ck of configurations, it invokes the scheduler σ via σ(π) to determine
the next step. For every such finite path π, one then can define a probability distribution
µσ

π ∈ D(L ×RV) over the configuration space, describing the probabilities to reach the
successor configurations in the next step.

Definition 3.1.4 (Stochastic kernel µσ
_ ). Let σ ∈ SchΓ be a scheduler for a pCFG Γ. For each

non-empty, finite sequence π = c0c1 . . . ck−1(l, x) ∈ (L × RV)+, define the probability
measure µσ

π ∈ D(L×RV) such that

if l ∈ LD, then µσ
π = δ(l′,x) where l′ is the unique successor satisfying (l, x) |= G(l, l′),

if l ∈ LP, then µσ
π = ∑l 7→l′ Prl(l′)δ(l′,x),

if l ∈ LN , then µσ
π = ∑l 7→l′ σt(π)(l′)δ(l′,x)

if l ∈ LA, l′ = succ(l) and Up(l, x) = (xj, u) then

if l ∈ LAD and u = f ∈ B(RV , R), then µσ
π = δ(l′,x(xj← f (x))),

if l ∈ LAP and u = d ∈ D(R), then µσ
π is the unique measure that satisfies

∀A ∈ B(R) : µσ
π({l′} × ({x1} × · · · × {xj−1} × A× · · · × {x|V|})) = d(A).
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if l ∈ LAN , then µσ
π is the unique measure that satisfies

∀A ∈ B(R) : µσ
π({l′}× ({x1}× · · ·×{xj−1}×A×· · ·×{x|V|})) = σa(π)(A).

µσ
_ is a universally measurable stochastic kernel on L×RV given (L×RV)+, that is, for

every sequence π ∈ (L ×RV)+ the function µσ
π is a probability measure on U (L ×RV)

and the mapping µσ
_ (U) : (L×RV)+ → [0, 1], π 7→ µσ

π(U) is universally measurable for
every fixed, universally measurable set U.

µσ
π is defined for arbitrary sequences of π ∈ (L×RV)+ which need not be actual paths

of the pCFG Γ. For any non-empty finite sequence π = π1π2, the equality µσ
π1π2

= µ
σπ1
π2

holds. From this stochastic kernel and a fixed starting configuration c0 ∈ L×RV , one can
construct a probability measure on (L×RV)n as follows.

Lemma 3.1.1. [18, Proposition 7.45] Let Γ be a pCFG, σ ∈ SchΓ be a scheduler and c0 ∈ L×RV

be a starting configuration, then there exists for all n ∈N \ {0} a unique probability measure νc0,σ
n

on B((L×RV)n) such that

νc0,σ
n (C1 × C2 × · · · × Cn) =

∫
C1

µσ
c0
(dc1)

∫
C2

µσ
c0c1

(dc2)· · ·
∫

Cn
µσ

c0c1...cn−1
(dcn).

For n = 0 we can define νc0,σ
0 = δc0 . These probability measures extend uniquely to a probability

measure νc0,σ on B((L×RV)ω) such that all its marginals on (L×RV)n coincide with νc0,σn.

Proof. We refer to Proposition 7.45 in Bertsekas’ Stochastic Optimal Control book[18]. Note
that themeasures νc0,σ

n induce ameasure on the cylinder sets induced by the n-fold product
of Borel sets Ci. This family of measures can then be extended uniquely by Kolmogorov’s
extension theorem to the measure νc0,σ.

The probability measure νc0,σ from the above lemma may be completed to be a mea-
sure on U ((L×RV)ω). From now on we work on different probability spaces in the form
of ((L×RV)ω,U ((L×RV)ω), νc0,σ) where the measure depends on a scheduler σ and a
starting configuration c0. Note that despite working on a multitude of different probabil-
ity spaces, the underlying measurable space is always the same regardless of the chosen
scheduler and starting configuration.
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3.2 Application of Martingales
With the notion of probabilistic control flow graphs and their semantics at hand, we can
now develop the theory of martingales for program verification. Concrete martingale-
based methods are each introduced in their own subsection, but they all rely on the same
principles and definitions we introduce in the following.

In the introduction we gave a short descriptive idea of so called ranking functions and a
fixed point theoretic characterization of the reachability region. The former relied on the
ability to compute the expected outcome of a ranking function after performing a transi-
tion in the system. The latter can be constructed by starting with a reachable set (e.g. the
starting configuration) and iteratively enlarging it by the set of immediate successors until
it reaches a fixed point. In either case, there is a necessity to make computations about
the (expected) next step of the system. We formalize this in the form of so called nexttime
operators X, X and X. For any given function η on the configuration space, these oper-
ators compute the expected value of η after performing a transition in the system. The
nexttime operator X performs this transition with respect to a given scheduler, while the
other two nexttime operators try to maximize or minimize the expected value over all pos-
sible available actions. Other authors call these operators pre-expectation (e.g. [13, 12]) but
we use the naming convention by Takisaka et al.[11] which more clearly captures the idea
of performing a single transition step in the transition system underlying the control flow
graph.

Definition 3.2.1 (the “nexttime” operators X, X, X, [14, 11]). Let Γ be a pCFG, and η : (L×
RV)× SchΓ → K be universally measurable for every σ ∈ SchΓ where K is a closed and
convex proper subset of R∪ {±∞}. We define the nexttime operator Xη as follows.

(Xη)(c, σ) =
∫

L×RV
η(c′, σc)µ

σ
c (dc′)

Let c = (l, x) then evaluating the above expression over all possible location types gives the
following case-by-case definition.

For l ∈ LD, (Xη)(c, σ) = η((l′, x), σc) where l′ is the unique location s.t. x |= G(l, l′).

For l ∈ LP, (Xη)(c, σ) = ∑l 7→l′ Prl(l′)η((l′, x), σc).

For l ∈ LN , (Xη)(c, σ) = ∑l 7→l′ σT(c)(l′)η((l′, x), σc).

For l ∈ LA, let Up(l) = (xj, u).

(Xη)(c, σ) = η((succ(l), x(xj ← f (x)), σc) if u = f ∈ B(L × RV , K) is a
measurable function.

(Xη)(c, σ) =
∫

x∈supp(s) η((succ(l), x(xj ← x)), σc)ds if u = s ∈ D(L×RV) is
a distribution.

(Xη)(c, σ) =
∫

x∈supp(s) η((succ(l), x(xj ← x)), σc)ds if u = A ∈ B(L×RV) is
a measurable set and s = σ(c) ∈ D(A) a distribution.
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Let η : L×RV → K be universally measurable. We define the upper nexttime operator X as
follows.

(Xη)(c) = sup
σ∈SchΓ

∫
L×RV

η(c′)µσ
c (dc′)

Similarly to X, the following case-by-case definition can be made, where c = (l, x).

For l ∈ LD, (Xη)(c) = η(l′, x) where l′ is the unique location s.t. x |= G(l, l′).

For l ∈ LP, (Xη)(c) = ∑l 7→l′ Prl(l′)η(l′, x).

For l ∈ LN , (Xη)(c) = maxl 7→l′ η(l′, x).

For l ∈ LA, let Up(l) = (xj, u).

(Xη)(c) = η(succ(l), x(xj ← f (x)) if u = f ∈ B(L×RV , K) is a measurable
function.
(Xη)(c) =

∫
x∈supp(s) η(succ(l), x(xj ← x))ds if u = s ∈ D(L×RV) is a distri-

bution.
(Xη)(c) = supx∈A η(succ(l), x(xj ← x)) if u = A ∈ B(L×RV) is a measur-
able set.

The lower nexttime operator Xη : L×RV → K is defined as above, but replacing max with
min and sup with inf in the respective lines.

These upper and lower nexttime operators are endofunctions on U (L ×RV , K) and the
standard nexttime operator is an endofunction on U ((L ×RV)× SchΓ, K). They can be
restricted to a pure invariant I ∈ B(L×RV), i.e. to a transition closed subset of the con-
figuration space. We can see X, X and X as monotone functions on the complete lattices
(U (I, K),v) and (U (I × SchΓ, K),v) where v is the partial ordering obtained by com-
paring functions pointwise with respect to the standard ordering ≤ on K ⊂ R ∪ {±∞}.
These lattices are complete because the codomain K is closed and hence complete with re-
spect to the standard ordering. Monotonicity is easily seen, since integrals are monotone
operators. The restriction of the codomain makes sure that the integrals are well-defined,
that is, they never take the indeterminate form ∞−∞ because K is either lower bounded
or upper bounded.
Remark. For scheduler dependent functions η : (L × RV) × SchΓ → L into a complete
lattice L, we sometimes write the parameter σ in the subscript, i.e. we write ησ(c) instead
of η(c, σ). Furthermore, we implicitly define the upper and lower versions of the function
by taking the supremum and the infimum over all schedulers. These are then denoted by
η(c) := supσ ησ(c) and η(c) := infσ ησ(c), respectively.

If ησ is a function that assigns to each configuration c ∈ L×RV of the system a real value
ησ(c) ∈ R, then the nexttime operators describe the expected value of η after performing a
single transition in the system, e.g. Xη(c, σ) = E(η(c′, σc) | c 7→ c′, σ) is the expected value
of η(c′, σc) where c′ is the successor of c that gets (potentially randomly) chosen under the
scheduler σ. To properly define the expectation, a scheduler and a starting configuration
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c0 has to be given (because the underlying measure ν is dependent on them). We use the
notation Ec0,σ to make the dependencies clear but may drop one or both subscripts if they
are clear from context. Furthermore, we define the upper expectation Ec0 := supσ Ec0,σ
and the lower expectation Ec0

:= infσ Ec0,σ. The upper and lower nexttime operators then
satisfy Xη(c0) = Ec0(η(c1) | c0 7→ c1) and Xη(c0) = Ec0

(η(c1) | c0 7→ c1), respectively.
These various types of expectation give rise to various martingale notions.

Definition 3.2.2 (σ-martingales). A stochastic process {X}i∈N where Xi : (L×RV)ω → K

for some closed, convex proper subset K ⊂ R ∪ {±∞} is called a σ-martingale at c0 ∈
L×RV if it satisfies

Ec0,σ(Xi+1 | Ci, Ci−1, . . . , C0) = Xi

for a fixed scheduler σ, where Ci : (L×RV)ω → L×RV , c0c1 . . . ci · · · 7→ ci is the canoni-
cal process. The subscript c0 from the expectation is usually dropped since C0 = c0 is given
in the conditions. Similarly, it is an upper martingale if

E(Xi+1 | Ci, Ci−1, . . . , C0) = Xi

and a lower martingale if

E(Xi+1 | Ci, Ci−1, . . . , C0) = Xi

holds. Super and supmartingales are defined accordingly. The restriction to a closed, con-
vex and proper subset of the extended reals makes sure that the conditional expectation is
well-defined.

A reason why we deal with universally measurable functions instead of Borel measur-
able ones comes from the supremizing and infimizing upper and lower nexttime opera-
tors. While the regular nexttime operator preserves Borel measurability if we only consider
Borel schedulers, the extremizing ones do not. A well known fact about Borel measurable
sets is that they are not closed under projection, i.e. projecting a product measurable set
D ∈ B(R)B(R) onto its first component may yield a set that fails to be Borel measurable.
However, it is known that such a projection is universally measurable (actually analytic,
and hence universally measurable[18, Corollary 7.42.1]). Extremization and projections are
closely related, in fact, if f : X× A→ R is a function, then for any c ∈ R we have

{x ∈ X | inf
a∈A

f (x, a) < c} = projX{(x, a) ∈ X× A | f (x, a) < c}.

If the function f is Borel measurable, then so is the set {(x, a) ∈ X × A | f (x, a) <
c} defined by f , but its projection is generally non-Borel. The left-hand side set defined
by the infimization thus may fail to be Borel, making the infimization itself a non-Borel
measurable function. However, it is universally measurable. This shows the reason why we
work on universally measurable functions instead of Borel measurable ones.
Remark. An analytic set is defined to be the continuous image of a Borel set of a Polish
space (a separable, completely metrizable topological space). All spaces we consider in this
thesis are Polish spaces. It may seem like it is sufficient to work on analytic sets instead
of universally measurable ones, but the analytic sets have two problems. First, they do
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not form a σ-Algebra by themselves since they are not closed under complementation.
Secondly, if one computes the smallest σ-Algebra containing them, and then defines the
appropriate notion of analytically measurable function, it turns out that these functions are
not closed under composition. The universal σ-Algebra, however, contains all analytic sets
and its measurable functions are closed under composition, making it a reasonable choice
for our analysis. There does actually exist a smaller σ-Algebra called the limit σ-Algebra[18,
Appendix] that does satisfy these two requirements as well but it is not widely used.
An example of such a function is the reachability probability Preach

C,σ (c) which gives the
probability to reach a region C ∈ B(L×RV) when starting from configuration c ∈ L×
RV under scheduler σ. Using LTL, this can be stated as Preach

C,σ (c) = Prσ(c |= ♦C). The
nexttime operator X then corresponds to the LTL next operator ©, e.g. XPreach

C,σ (c) =

Prσ(c |= ©♦C). While Preach
C,σ is Borel measurable if σ is a Borel measurable scheduler,

the infimization Preach
C is generally not Borel measurable. It can be shown to be lower

semianalytic and hence universally measurable[18].

Lemma 3.2.1 (Continuity of X and X). The operators X and X are ω-continuous and ωop-
continuous, respectively. This means that X preserves suprema of ascending ω-chains, while X

preserves infima of descending ω-chains.

Proof. We prove the ω-continuity of X. Let η0 v η1 v . . . be an ascending chain and let
η = supi∈N ηi be its supremum. Then,

sup
i∈N

X(ηi)(c) = sup
i∈N

sup
σ

∫
L×RV

ηi(c′)µσ
c (dc′)

= sup
σ

sup
i∈N

∫
L×RV

ηi(c′)µσ
c (dc′)

= sup
σ

∫
L×RV

sup
i∈N

ηi(c′)µσ
c (dc′)

= sup
σ

∫
L×RV

η(c′)µσ
c (dc′) = X(η)(c)

In the second line we exchange the order of suprema. In the second to last line, we use the
Monotone Convergence Theorem. The proof for X and descending chains is similar, but
we exchange two infima instead.

The nexttime operator X is both ω-continuous as well as ωopcontinuous which follows
directly from the Monotone Convergence Theorem.
A naturally arising question is whether the equalities Xη = Xη and Xη = Xη hold.

This is generally not the case, but the following inequalities Xη w Xη and Xη v Xη are
easily seen to be true. For equality to hold, the existence of so called ϵ-optimal schedulers
is needed.

Definition 3.2.3 (ϵ-optimal schedulers). Let Γ be a pCFG and let η : (L×RV)× SchΓ →
R be a scheduler-dependent function. A scheduler σ′ is called upper ϵ-optimal if for all
c ∈ (L×RV) it holds that η(c, σ′) ≥ η(c)− ϵ when η(c) < +∞ and η(c, σ′) > 1

ϵ when
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η(c) = +∞. Similarly, a scheduler σ′ is called lower ϵ-optimal if η(c, σ′) ≤ η(c) + ϵ when
η(c) > −∞ and η(c, σ′) < −1

ϵ when η(c) = −∞.

By definition of η there always exists a scheduler σc for every c ∈ L×RV such that σc

is ϵ-optimal at c. In contrast to this, an ϵ-optimal scheduler is ϵ-optimal for every input
c ∈ L×RV simultaneously. Such schedulers may not exist in general.

Lemma 3.2.2. Let η : (L×RV)× SchΓ → K be a scheduler dependent function where K is a
closed and convex proper subset of R. If there exist upper ϵ-optimal schedulers for all ϵ > 0, then the
equality Xη = Xη holds. Analogously, if lower ϵ-schedulers exists, then Xη = Xη holds.

Proof. We prove the case of upper ϵ-optimal schedulers. The other case is analogous. The
direction Xη v Xη is easily seen to be true. For the other direction, let (ρn)n∈N be a
sequence of 1

n-optimal schedulers such that η(·, ρk) v η(·, ρn) for k ≤ n. For any scheduler
σ, define schedulers σn such that σn(c) = σ(c), and σn(cπ) = ρn(π). We have µσ

c = µσn
c

(see definition 3.1.4 of µσ
π) and σn

c = ρn.

Xη(c) = sup
σ

∫
L×RV

sup
ρ

η(c′, ρ)µσ
c (dc′)

= sup
σ

∫
L×RV

lim
n∈N

η(c′, ρn)µσ
c (dc′)

= sup
σ

lim
n∈N

∫
L×RV

η(c′, ρn)µσ
c (dc′)

= sup
σ

lim
n∈N

∫
L×RV

η(c′, σn
c )µ

σn

c (dc′)

≤ sup
σ

∫
L×RV

η(c′, σc)µ
σ
c (dc′)

= sup
σ

Xη(c, σ) = Xη(c)

From the second to third line, we use the Monotone Convergence Theorem. We then use
the properties of σn in line four.

In the above proof, the existence of ϵ-optimal schedulers is important. If this is not given,
then in line two one has maximizing scheduler sequences of the form ρn,c′ which specifi-
cally depend on the successor c′ of c. Despite that, it is still possible to define the combined
scheduler σn as above but with a slight modification such that σn(cc′π) = ρn,c′(c′π). This
scheduler would simultaneously maximize the integrand for all c′ and the integral itself to
yield the desired result. However, the schedulers σn defined like this are a combination of
potentially uncountably many schedulers (since there can be uncountably many successors
c′) and may fail to be universally measurable.

To any measurable function η : (L×RV)× SchΓ → K and scheduler σ we can naturally
associate a stochastic process as follows.
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Definition 3.2.4 (Stochastic process Yi). Let Γ be a pCFG, η : (L ×RV) × SchΓ → K be
a universally measurable function and σ ∈ SchΓ be a scheduler. The stochastic process
{Yi}i∈N of random variables Yi : (L×RV)ω → K is defined by

Yi(c0c1c2 . . . ) = η(ci, σc0c1...ci−1).

Similarly, the upper and lower versions are defined as

Yi(c0c1c2 . . . ) = η(ci),

and
Yi(c0c1c2 . . . ) = η(ci).

We analyze the process {Yi}i∈N with respect to the martingale conditions and get the
following result.

Lemma 3.2.3. The stochastic process {Yi}i∈N is a σ-martingale (with respect to the canonical pro-
cess Ci : c0c1 · · · 7→ ci), iff the equality η(c, σπ) = Xη(c, σπ) holds for all paths πc = c0 . . . c. It
is a σ-supermartingale iff η(c, σπ) w Xη(c, σπ), and a σ-submartingale iff η(c, σπ) v Xη(c, σπ)
holds. Similarly, {Yi}i∈N is an upper martingale iff the respective equalities and inequalities hold
with η and X replacing η and X. An analogous results holds for {Yi}i∈N as well.

Proof. We prove the case when η(c, σπ) = Xη(c, σπ) holds.

Eσ(Yi+1 | Ci, Ci−1, . . . , C0) = Eσ(η(Ci+1, σC0C1...Ci) | Ci, Ci−1, . . . , C0)

=
∫

L×RV
η(Ci+1, σC0C1...Ci)µ

σ
C0C1...Ci

(dCi+1)

=
∫

L×RV
η(Ci+1, σC0C1...Ci)µ

σC0C1...Ci−1
Ci

(dCi+1)

= Xη(Ci, σC0C1...Ci−1) = η(Ci, σC0C1...Ci−1) = Yi

For the super- and submartingale cases the second to last equality simply becomes the
respective inequality. The proof for the upper and lower case are almost identical. We
prove the case of η(c) = Xη(c).

E(Yi+1 | Ci, Ci−1, . . . , C0) = E(η(Ci+1) | Ci, Ci−1, . . . , C0)

= sup
σ

∫
L×RV

η(Ci+1)µ
σ
C0C1...Ci

(dCi+1)

= sup
σ

∫
L×RV

η(Ci+1)µ
σC0C1...Ci−1
Ci

(dCi+1)

= sup
σ

∫
L×RV

η(Ci+1)µ
σ
Ci
(dCi+1)

= Xη(Ci) = η(Ci) = Yi
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From now on we simply call η a (upper/lower) martingale or a super/submartingale if it
satisfies the conditions in the above Lemma 3.2.3. That is, if the induced process {Yi}i∈N

has the respective martingale properties. This notion extends to scheduler-independent
functions η : L ×RV → K by simply defining η′(c, σ) = η(c) for all schedulers σ and
then considering η′ instead. By abuse of notation we simply write η(c, σ) = η(c) for such
functions and do not consider η′ explicitly.

3.2.1 Additive Ranking Supermartingales
Ranking supermartingales are probably themost well-known supermartingales used in the
analysis of probabilistic systems. A ranking supermartingale η assigns real values to each
configuration of the system such that two properties hold;

It is nonnegative on all (reachable) configurations.

Its expected value after a single transition decreases by at least some fixed value ϵ > 0
outside of some target region C.

If such a function on the configuration space exists, then it witnesses the fact that the
systemwill eventually reach the region C after finitely many steps, i.e. the system reaches C
positive almost surely. The intuitive reason being, that from any starting configuration c0,
the value of η decreases in expectation by at least ϵ per step and after η(c0)/ϵ many steps,
the expectation reaches zero. When it reaches zero, the function can no longer decrease
because of the nonnegativity condition, hence it must have entered the target region C.
Not only does it witness positive a.s. reachability but it also gives upper bounds on the
expected number of steps, namely η(c0)/ϵ ≥ "expected reaching time of C".
Instead of having an additive decrease per step, one can also have a multiplicative de-

crease instead. The positivity condition then gets replaced by the condition η(c) ≥ 1 out-
side of the target region. This gives a so called multiplicative ranking supermartingale. The
idea remains the same and, in fact, by using the exponential function one can transform
both types of martingales into each other. So our focus here will be on the additive version.

Definition 3.2.5 (Additive ranking supermartingle). Let Γ be a pCFG, c0 ∈ L×RV a starting
configuration, I = Ic0 ∈ B(L×RV) an invariant given c0 (i.e. all runs starting from c0 reach
only configurations in I) and C ∈ B(I) be a target region. Let σ ∈ SchΓ be a scheduler,
then a universally measurable function η : I × SchΓ → [0, ∞] is called an additive ranking
σ-supermartingale (σ-ARnkSupM) at c0 for C supported by I if it satisfies

η(c, σπ) ≥ 1 + Xη(c, σπ) for all c ∈ I \ C and all paths πc = c0 . . . c.

Similarly, a universally measurable function η : I → [0, ∞] is called an upper additive
ranking supermartingale (UARnkSupM) if

η(c) ≥ 1 + Xη(c) for all c ∈ I \ C and all paths πc = c0 . . . c

holds. A lower additive ranking supermartingale (LARnkSupM) is defined analogously by re-
placing the upper nexttime operator by the lower nexttime operator.
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There are variations of this definition. For example, instead of forcing a decrease of at
least 1 per transition, one can instead assume a decrease of some ϵ > 0. By rescaling, both
definitions are equivalent. Another commonly used formulation is using the drift operator
∆η = η −Xη and then formulate the ranking supermartingale condition to be a negative
drift, e.g. ∆η(c, σπ) ≤ −ϵ ([6] uses this kind of formulation).
Despite its name, the associated stochastic process Yi from Lemma 3.2.3 is no super-

martingale. The problem is that an ARnkSupM η may increase in value (and in expecta-
tion) inside the target region since no conditions are enforced there. However, outside the
target region the process is decreasing in expectation, hence, we can define an appropriate
stopping time TC such that the stopped process is indeed a supermartingale.

Lemma 3.2.4. Let η be a σ-ARnkSupM for some scheduler σ and target region C. Let T = TC :
(L×RV)ω → [0, ∞] be the first hitting time of C, i.e. T(c0c1 . . . ) = inf{i ∈ N | ci ∈ C}. The
first hitting time is indeed a stopping time according to Definition 2.1.20. Then the stopped process
{YT

i }i∈N is a σ-supermartingale with respect to the canonical process Ci.

Proof. The stopped process is defined by YT
i = Ymin{i,T}. We need to show that Eσ(YT

i+1 |
Ci, . . . , C0) = Xη(Ci, σC0C1...Ci−1) ≤ YT

i holds. We do a case distinction. Assume i < T,
then Ci /∈ C and so

Eσ(YT
i+1 | Ci, . . . , C0) = Eσ(Yi+1 | Ci, . . . , C0)

= Xη(Ci, σC0C1...Ci−1)

= 1 + Xη(Ci, σC0C1...Ci−1)− 1

≤ η(Ci, σC0C1...Ci−1)− 1 = YT
i − 1 ≤ YT

i .

For the case i ≥ T, we have

Eσ(YT
i+1 | Ci, . . . , C0) = Eσ(YT | Ci, . . . , CT, . . . , C0)

= YT = Ymin{i,T} = YT
i .

We use the fact that YT is measurable with respect to the condition, since its value is deter-
mined by the values of C0 up to CT .

Note that the case distinction is only valid, because the information whether i < T or i ≥ T
holds is contained in the given information C0, . . . , Ci. Formally, this can be expressed as
the events {i < T} and {i ≥ T} being measurable with respect to the σ-Algebra induced
by the canonical process C0, . . . , Ci.

The idea of this supermartingale is as follows. The value of η decreases by one in expec-
tation each step until the target region C is reached. When reaching the target region after
expected Ec0,σ(T) many steps, then the function η will have decreased by Ec0,σ(T) points
in expectation. Since η is nonnegative, we conclude that the starting value η(c0, σ) must
have been greater than Ec0,σ(T). So η(c0, σ) gives an upper bound on the reaching time
Ec0,σ(T), and if η(c0, σ) is finite then so is the expected reaching time and hence the target
region is reached within finite time with probability 1. We prove this idea now.
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Applying the Optional Stopping Theorem (Theorem 2.1.4) directly to YT
i (by using the

constant stopping time i) does not give any useful result. The problem is that the infor-
mation on how much YT

i decreases as i gets larger is not used at all. To make use of that
property, we define the following stochastic process Zi = YT

i + min{i, T} and show that
this is still a σ-supermartingale. Consider again the case i < T, then

Eσ(Zi+1 | Ci, . . . , C0) = Eσ(Yi+1 + (i + 1) | Ci, . . . , C0)

= Eσ(Yi+1 | Ci, . . . , C0) + (i + 1)
= Xη(Ci, σC0C1...Ci−1) + (i + 1)

= 1 + Xη(Ci, σC0C1...Ci−1) + i

≤ η(Ci, σC0C1...Ci−1) + i

= YT
i + i = Zi

and for i ≥ T we have

Eσ(ZT
i+1 | Ci, . . . , C0) = Eσ(YT + T | Ci, . . . , CT, . . . , C0)

= YT + T = Ymin{i,T} + min{i, T} = Zi.

Using the σ-supermartingale Zi, the main theorem of σ-ARnkSupMs can be proven.
Theorem 3.2.5. Let η be a σ-ARnkSupM for a starting configuration c0, a scheduler σ and a target
region C, and let T = TC be the first hitting time of C. Then η(c0, σ) ≥ Ec0,σ(T).
Proof. Consider the previously described stochastic processZi which is a σ-supermartingale.
Because Zi is a supermartingale, the inequality Ec0,σ(Z0) ≥ Ec0,σ(Zi) holds for all i ∈ N.
This gives

η(c0, σ) = Y0 = Z0 = Ec0,σ(Z0) ≥ Ec0,σ(Zi) = Ec0,σ(YT
i + min{i, T})

= Ec0,σ(YT
i ) + Ec0,σ(min{i, T}) ≥ Ec0,σ(min{i, T}) = Ec0,σ(T ∧ i).

The sequence (T∧ i) of stopping times a.s converges to T as i −→ ∞. Because (T∧ i) ≤ (T∧
(i+ 1)) trivially holds for all i, the sequence of stopping times ismonotonically converging.
By the Monotone Convergence Theorem, we then immediately get

Ec0,σ(T) = Ec0,σ( lim
i→∞

(T ∧ i)) = lim
i→∞

Ec0,σ(T ∧ i) ≤ Y0 = η(c0, σ).

We can generalize this result to not only hold at the starting configuration c0 but along
all paths from c0.
Corollary 3.2.5.1. Let η be a σ-ARnkSupM at c0, then for any path πc = c0c1 . . . c from c0, we
have η(c, σπ) ≥ Ec,σπ(T).
Proof. Note that if η is a σ-ARnkSupM at c0, then it is also a σπ-ARnkSupM at c. To see
this, let π′c′ = c . . . c′ be any path from c to some c′ /∈ C, then we have to show that
η(c′, (σπ)π′) ≥ 1 + Xη(c′, (σπ)π′).

η(c′, (σπ)π′) = η(c′, σππ′) ≥ 1 + Xη(c′, σππ′) = 1 + Xη(c′, (σπ)π′)

holds because ππ′ is a path from c0 to c′ and η is a σ-ARnkSupM at c0. Now we can apply
the previous theorem and get the desired result.
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Similar theorems hold for UARnkSupMs and under restrictions also for LARnkSupMs.
While the prove of the former is straightforward, the latter does need a extra condition to
be satisfied.

Theorem 3.2.6. Let η be an UARnkSupM for a starting configuration c0 and a target region C. Let
T = TC be the first hitting time of C, then η(c0) ≥ Ec0(T).

Proof. From the definition of a UARnkSupM, we have for all paths πc = c0 . . . c where
c ∈ I \ C for some invariant I, that η(c) ≥ 1 + Xη(c) ≥ 1 + Xη(c, σ) holds for all sched-
ulers σ ∈ SchΓ. We abuse the notation and see η as a function which takes a scheduler as
parameter but simply ignores it, i.e. η(c, σ) = η(c). By this inequality, η is a σ-ARnkSupM
for any σ. Now we apply Theorem 3.2.5 and get

η(c0) = η(c0, σ) ≥ Ec0,σ(T).

This holds for all schedulers σ, so we take the supremum on both sides and conclude
η(c0) ≥ Ec0(T).

We can extend this theorem again to all paths from c0 as we did before. This can be done
for all coming martingale-based methods, so we generally just prove the special case for
the starting configuration.

Theorem 3.2.7. Let η be an LARnkSupM for a starting configuration c0 and a target region C
such that Xη admits lower ϵ-optimal schedulers. Let T = TC be the first hitting time of C, then
η(c0) ≥ Ec0

(T).

Proof. In contrast to the upper version, there does not necessarily exist any scheduler σ
such that η is a σ-ARnkSupM. However, consider a lower ϵ-optimal scheduler σ (for Xη)
such that η(c, σπ) ≥ Xη(c) + 1 ≥ Xη(c, σπ) + 1− ϵ holds for all paths π = c0 . . . c where
c /∈ C. We again abuse notation and define η(c, σ) = η(c). For ϵ ∈ (0, 1) we can divide
both sides by (1− ϵ) and obtain

η

1− ϵ
(c, σπ) ≥ X

(
η

1− ϵ

)
(c, σπ) + 1

Setting η′ = η
1−ϵ we see that η′ is a σ-ARnkSupM. By Theorem 3.2.5 we have

η′(c0) = η′(c0, σ) ≥ Ec0,σ(T)

which implies

η(c0) ≥ (1− ϵ)Ec0,σ(T) ≥ (1− ϵ)Ec0
(T).

This holds for all ϵ ∈ (0, 1) and in particular for ϵ→ 0 we conclude η(c0) ≥ Ec0
(T).

The extra condition assumed in the above theorem is restrictive but satisfied in many
cases. If η is lower semianalytic than such schedulers do exist[18, Proposition 7.50]. In par-
ticular, any Borelmeasurable and hence also any continuous function is lower semianalytic
and admits ϵ-optimal schedulers.
While additive ranking supermartingales do give sound upper bounds on the reaching

time, it is not clear how tight the bounds are. We wish to address this in the following and
show that there exist supermartingales such that the inequality is actually satisfied with
equality for all three presented versions of ARnkSupMs.
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Lemma 3.2.8. The function E
steps
C defined as E

steps
C (c, σ) = Ec,σ(TC) is a σ-ARnkSupM for any

scheduler σ, any starting configuration c0 and any invariant I.

Proof. Let c0 and σ be given. Let C ∈ B(L×RV) be a target region. We need to show that
for any path πc = c0c1 . . . c with c /∈ C we have E

steps
C (c, σπ) ≥ XE

steps
C (c, σπ) + 1. Let

T = TC be the first hitting time of C.

E
steps
C (c, σπ) = Ec,σπ(T) = Ec,σπ(T | C0 = c /∈ C)

=
∫

Ec′,σπc(T + 1)µσπ
c (dc′)

=
∫

Ec′,σπc(T)µ
σπ
c (dc′) + 1

=
∫

E
steps
C (c′, σπc)µ

σπ
c (dc′) + 1

= XE
steps
C (c, σπ) + 1

The important equality is from the first line to the second line. Here we use the fact, that
T(c0c1c2 . . . ) = T(c1c2 . . . )+ 1holdswhenever c0 /∈ C. This givesEc0,σ(T) =

∫
Ec1,σc0

(T+

1)µσ
c0
(dc1).

Corollary 3.2.8.1. σ-additive ranking supermartingales are sound and complete in witnessing pos-
itive almost sure reachability, that is, if Ec0,σ(TC) < ∞, then there is exists a σ-ARnkSupM for c0
witnessing it.

Proof. For completeness we just take E
steps
C as the σ-additive ranking supermartingale. For

soundness we use Theorem 3.2.5.

Lemma 3.2.9. The function E
steps
C admits lower and upper ϵ-optimal schedulers. Furthermore, they

can be chosen to be history-independent.

Proof. Instead of giving a proof, we refer to Lemma 3.2 by Takisaka et al.[11]. However, we
give a short explanation. A pCFG can be seen as a general Markov Decision Process, which
is a well studied type of system in control theory. A commonly analyzed problem is the ex-
pected reward problem, where to every state and action of the system a reward is associated
and the task is to calculate what average reward is accumulated over a run of the system (of-
tentimes discounted or time bounded). It can be shown that if the rewards are positive and
upper bounded, then ϵ-optimal schedulers exist that minimize or maximize the expected
reward. The expected reaching time can be transformed into such a model by associating
a constant reward of 1 to every transition that does not lead the target region, and by mod-
ifying the system to loop inside the target region once reached. Now the expected reaching
time coincides with the average accumulated reward and hence ϵ-optimal schedulers exist.
We use this argument later to argue about the existence of ϵ-optimal schedulers for other
functions as well. A concrete construction from pCFG to the stochastic optimal control
model is given in [11, Lemma 3.2], and the existence of ϵ-optimal schedulers is proven in
[18, Proposition 7.50 and Proposition 9.19].



42 3.2 Application of Martingales

Corollary 3.2.9.1. UARnkSupM and LARnkSupM are sound and complete in witnessing upper and
lower positive almost sure reachability. With upper and lower positive almost sure reachability we
refer to E(TC) and E(TC) being finite.

Proof. By Lemma 3.2.2 and 3.2.9 we have XE
steps
C = X E

steps
C and taking the supremum over

all schedulers in the equation E
steps
C (c, σπ) = XE

steps
C (c, σπ) + 1 (c /∈ C and πc = c0c1 . . . c)

gives
E

steps
C (c) = X E

steps
C (c) + 1 ≥ X E

steps
C (c) + 1.

E
steps
C is a UARnkSupM satisfying E

steps
C (c0) = Ec0(T). By the same argument it can be

shown that E
steps
C is a LARnkSupM satisfying E

steps
C (c0) = Ec0

(T). We need to show that
XE

steps
C admits lower ϵ-optimal schedulers to apply Theorem 3.2.7. The proof for this is

quite technical and requires more background in measure theory, analytic sets and selec-
tion theorems. We refer to the excellent book by Bertsekas and Shreve on stochastic optimal
control[18]. According to them E

steps
C is lower semianalytic as the infimization of a lower

semianalytic function E
steps
C . Applying the nexttime operator to a lower semianalytic func-

tion yields again a lower semianalytic function [18, Corollary 7.48.1]. Lower semianalytic
functions admit ϵ-optimal selections [18, Proposition 7.50].

Upper positive almost sure reachability is different frompositive almost sure reachability
for all schedulers σ, that is, it does not witness ∀σ : Eσ(TC) < ∞ but rather ∀σ : Eσ(TC) <
k for some constant k. On the other hand, lower positive almost sure reachability does
witness ∃σ : Eσ(TC) < ∞, i.e. the existence of a scheduler which reaches the target almost
surely in finite time.
The following program does terminate in finite time for any scheduler σ, but this time

can be chosen to be arbitrarily large and as such, E(TC) is infinite. Termination under all
schedulers is not witnessed by any UARnkSupM.

Listing 3.1: Example: Finite but unbounded termination times
n : = ndet (N ) ;
while n > 0 do

n : = n − 1 ;
od

The Corollaries 3.2.8.1 and 3.2.9.1 show thatE
steps
C ,Esteps

C andE
steps
C are the least functions

satisfying their respective inequalities. Indeed, they satisfy their respective ARnkSupM
conditions with equality. Any σ/upper/lower additive ranking supermartingale is an over-
approximation of E

steps
C /E

steps
C /E

steps
C . These properties are reminiscent of least fixed

points and their overapproximations via pre-fixpoints. In light of this observation, we
briefly redevelop the obtained results in a fixed point theoretic framework in accordance
to the approach by Takisaka et al.[11].

Theorem 3.2.10. E
steps
C defined byE

steps
C (c, σ) = Ec,σ(TC) is the least fixed point of the monotone

operator
ΦC(η) = 1C + 1CXη.
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Any pre-fixpoint η w ΦC(η) of ΦC overapproximates E
steps
C . Here we consider the complete lattice

of functions [(L×RV)× SchΓ → [0, ∞]].

Proof. First we note thatE
steps
C is indeed a fixed point which was proven in Lemma 3.2.8. We

defineE
steps≤n
C := E(T ∧ n) where T = TC is the first hitting time of C. It is easy to see that

the sequence (Esteps≤n
C )n∈N converges monotonically to E

steps
C = E(T) as we have shown

previously using the Monotone Convergence Theorem. We now show that this sequence is
actually the Cousot-Cousot sequence for the least fixed point, that is, E

steps≤n
C = Φn

C(⊥).
We proceed by induction. For n = 0, both sides equal the constant zero function for

every scheduler σ. We look at the case n + 1 and assume that E
steps≤n
C = Φn

C(⊥) holds for
all schedulers σ. First note that both sides are equal to 0 on C. We consider c /∈ C. Notice
that (T ∧ (n + 1))(c0c1 . . . ) = (T ∧ n)(c1c2 . . . ) + 1 for all n ∈ N and c0 /∈ C. Then we
have

E
steps≤n+1
C (c, σ) = Ec,σ(T ∧ (n + 1)) = Ec,σ(T ∧ (n + 1) | C0 = c /∈ C)

=
∫

Ec′,σc((T ∧ n) + 1)µσ
c (dc′)

= 1 +
∫

Ec′,σc(T ∧ n)µσ
c (dc′)

= 1 +
∫

E
steps≤n
C (c′, σc)µ

σ
c (dc′) = 1 + XE

steps≤n
C (c, σ)

= ΦC(E
steps≤n
C )(c, σ) = ΦC(Φn

C⊥)(c, σ) = (Φn+1
C ⊥)(c, σ)

This proves that E
steps
C = limn→∞ E

steps≤n
C is the least fixed point of the operator ΦC. By

Knaster-Tarski we have that it is also the least pre-fixpoint and therefore every pre-fixpoint
of ΦC overapproximates E

steps
C .

Remark. The arguments of the function ΦC(η) consist of both configuration and sched-
uler so the indicator function that disregards the scheduler is actually 1C×SchΓ

, but for
notational simplicity we just denote it by 1C.
Notice that a pre-fixpoint of ΦC is a function η satisfying the condition η ≥ 1 + Xη

on C, i.e. it satisfies the conditions of a σ-ARnkSupM. The tight connection between pre-
fixpoints and supermartingales becomes apparent.
Remarkably, neither martingale theory nor the fact that T is a stopping time is used.

Soundness and completeness follow directly from Knaster-Tarski and Cousot-Cousot. It
is possible to define E

steps
C and E

steps≤n
C without directly but rather implicitly relying on

the first hitting time T as shown by Takisaka et al. in [11]. Their approach reduces the use
of probability theory to a minimum. However, they only applied this reasoning to the ex-
tremizations E

steps
C and E

steps
C . Furthermore, ranking supermartingales defined this way

are different in the sense that they satisfy the inequality for every scheduler everywhere
(possible restricted to an invariant) and not just along valid paths from some starting con-
figuration c0.
The fixed point characterization of Theorem 3.2.10 is not practically feasible because one

has to compute the nexttime operator with respect to every possible scheduler in each
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iteration. For a more practical approach, it is possible to fix a single history-independent
scheduler σ and characterize E

steps
C,σ as the least fixed point of an adapted operator ΦC,σ

instead.

Lemma 3.2.11. Let σ be a history-independent scheduler, then E
steps
C,σ defined by E

steps
C,σ (c) =

Ec,σ(TC) is the least fixed point of the monotone operator

ΦC,σ(η) = 1C + 1CXη(·, σ).

where η : (L×RV) → [0, ∞] is a scheduler-independent function. We set η(c, σ) = η(c) for all
schedulers σ to make it compatible with the definition of X.

Proof. Follows by the same arguments as in the proof of Theorem 3.2.10 and using the fact
that σ = σπ holds for all valid paths π.

It is possible to generalize this to an arbitrary fixed scheduler. We do not further fol-
low this approach in detail, but give a brief description instead. For a fixed scheduler
σ, it is sufficient to store its history π for the fixed point computation. One considers a
history-dependent function η : (L × RV) × (L × RV)∗ → [0, ∞] and defines the oper-
ator ΦC,σ(η)(c, π) = 1 +

∫
η(c′, πc)µσπ

c (dc′) for c /∈ C, and 0 elsewhere. The mapping
(c, π) 7→ E

steps
C (c, σπ) is then the least fixed point of the operator.

The proof of 3.2.10 can be straightforwardly adapted to UARnkSupM and the operator
ΦC(η) = 1C + 1CXη. One essentially takes all equations presented in the proof and adds
suprema over all schedulers in every line. The desired result is obtained by the fact that
ϵ-optimal schedulers exist, and that ΦC is ω-continuous and hence preserves the chain
supremum of the Cousot-Cousot sequence.
Unfortunately, the proof does not transfer to the case of LARnkSupM. While the first

arguments are straightforwardly adapted to the lower case, the problem is in the conver-
gence of the sequence Esteps≤n. This sequence is increasing but the operator ΦC is ωop-
continuous and not ω-continuous. The increasing sequence E

steps≤n
C does not necessarily

converge after ω steps, and transfinite induction steps are needed. However, under the
assumption that any fixed point η of ΦC(η) = 1C + 1CXη admits ϵ-optimal schedulers,
it can be shown that E

steps
C is indeed the least fixed point. Takisaka et al.[11] construct an

ϵ-optimal scheduler for an arbitrary fixed point to prove this statement but we do not see
any justification as to why their constructed scheduler is measurable in their proof. While
this statement may hold even in the absence of such schedulers, we have no such proof at
hand and as such consider the additional assumption as described above necessary.

Theorem 3.2.12. E
steps
C is the least fixed point of the monotone operator

ΦC(η) = 1C + 1CXη.

Any pre-fixpoint η w ΦC(η) of ΦC overapproximates E
steps
C .

Proof. Instead of adapting the proof of Theorem 3.2.10, we directly use its result in a similar
fashion as we did in the proof of Theorem 3.2.6. Consider an arbitrary fixed point of η of
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ΦC. By abuse of notation we define η(c, σ) = η(c). Now we have η = 1C + 1CXη ≥
1C + 1CXη. η is thus a pre-fixpoint of the operator ΦC and as such it is larger than E

steps
C

(from Theorem 3.2.10). We have η(c) = η(c, σ) ≥ E
steps
C (c, σ). Since this holds for all

schedulers we conclude η ≥ E
steps
C . As shown in the proof of Corollary 3.2.9.1 E

steps
C is a

fixed point and by the previous observation it must be the least one.
The operator ΦC is ω-continuous which follows from the fact that X is ω-continuous

(see Lemma 3.2.1). Using this fact, we see that the least fixed point is reached after at most
ω steps in the Cousot-Cousot sequence.

ΦC( lim
n→∞

Φn
C⊥) = lim

n→∞
Φn

C(ΦC⊥) = lim
n→∞

Φn+1
C (⊥) = lim

n→∞
Φn

C(⊥)

And again, every pre-fixpoint is an overapproximation of E
steps
C by Knaster-Tarski.

For the lower case we consider an extra condition to guarantee that the functionE
steps
C is

the least fixed point. Namely, we show that this function is the least fixed point among all
functions η for which Xη admits ϵ-optimal schedulers. As previously mentioned, this can
be guaranteed for a wide class of functions, namely all lower semianalytic functions and
this includes all Borel measurable functions.
Theorem 3.2.13. E

steps
C is the least fixed point of the monotone operator

ΦC(η) = 1C + 1CXη.

under the assumption that for any fixed point η, the function Xη admits lower ϵ-optimal schedulers.
Any pre-fixpoint η w ΦC(η) of ΦC overapproximates E

steps
C .

Proof. Let η be any fixed point ofΦC. By assumption there exists for every ϵ > 0 a scheduler
σϵ such that Xη + ϵ ≥ Xη(·, σϵ). This scheduler can be chosen to be history-independent
by defining σ as σ(πc) = σϵ(c). Now we get

η = ΦC(η) = 1C + 1CXη

≥ 1C + 1C(Xη(·, σ)− ϵ1) = (1− ϵ)1C + 1CXη(·, σ).

Dividing both sides by (1− ϵ) for ϵ ∈ (0, 1) gives
η

1− ϵ
≥ 1C + 1CX(

η

1− ϵ
)(·, σ)

so the function η′ = η
1−ϵ is a pre-fixpoint of ΦC,σ and by Lemma 3.2.11 it overapproximates

E
steps
C,σ ≥ E

steps
C . From that it follows that η ≥ (1− ϵ)E

steps
C for all ϵ ∈ (0, 1). Letting ϵ→ 0

gives the desired result η ≥ E
steps
C . E

steps
C itself is a fixed point of ΦC and hence it is the

least fixed point. By Knaster-Tarski any pre-fixed point is larger than the least fixed point
and therefore overapproximates E

steps
C .

Both presented proofs regarding UARnkSupM and LARnkSupM are essentially identi-
cal to the previously shown proofs using martingale theory. The difference is solely in the
invoked theorem for σ-ARnkSupM which was once proven via martingale theory (Theo-
rem 3.2.5) and once via fixed point theory (Theorem 3.2.10). This concludes our discussion
about expected reaching times in probabilistic programs. Effective ways to find such su-
permartingales via template-based synthesis methods are presented in Chapter 4.
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3.2.2 Ranking Supermartingales for Higher Order Moments
The ranking supermartingales in Subsection 3.2.1 are used to overapproximate the expected
reaching time and, if it is finite, conclude that the program almost surely reaches the target
region eventually. Instead of overapproximating the expectation (i.e. the first moment),
one can also use supermartingales to get approximations on higher moments. Higher
moments can be used to bound tail probabilities, i.e. the probability that the program
takes at least a certain amount of steps before reaching the target. This is established by
the generalized Markov’s inequality.

Proposition 3.2.14 (Markov’s inequality). Let T be a non-negative, real-valued random variable
and ϕ a non-negative, monotonically increasing function, then for every d ≥ 0 with ϕ(d) > 0 it
holds that

Pr(T ≥ d) ≤ E(ϕ(T))
ϕ(d)

Corollary 3.2.14.1. Under the assumptions of Proposition 3.2.14, for any d > 0 the inequality

Pr(T ≥ d) ≤ E(Tn)

dn .

holds.

Proof. We set ϕ(x) = xn for any n ∈N and apply Proposition 3.2.14.

The goal is to find upper bounds on the higher moments E(Tn) and use them to bound
the tail probabilities of T. Since the inequality gives a bound on the same tail probability
for any n ∈ N, it can be useful to compute bounds on multiple higher order moments for
various values of n and then choose the one which gives the tightest bound.
The ranking supermartingales in Subsection 3.2.1, in a sense, model the change of expec-

tation as time elapses in the system via the nexttime operators. Wemade use of the fact that
T(c0c1 . . . ) = T(c1c2 . . . ) + 1 is true for all c0 which are not already in some target region
C. From this we concluded the relation Ec0,σ(T | c0 /∈ C) =

∫
Ec1,σc0

(T + 1)µσ
c0
(dc1) =

1 +
∫

Ec1,σc0
(T)µσ

c0
(dc1). Identifying Ec,σ(T) with the expression η(c, σ) then gives rise to

the fixed point characterization η(c, σ) = 1+Xη(c, σ). However, higher moments of T do
not change linearly with time. Indeed, for the second moment we have

Ec0,σ(T2 | c0 /∈ C) =
∫

Ec1,σc0
((T + 1)2)µσ

c0
(dc1)

= 1 + 2
∫

Ec1,σc0
(T)µσ

c0
(dc1) +

∫
Ec1,σc0

(T2)µσ
c0
(dc1).

So to compute the second moment after a transition, knowledge about the first moment
is needed. Generally, to compute the n-th moment this way, knowledge about all lower
moments up to the n-th is needed. This simultaneous computation can be expressed by
defining the n-th order ranking supermartingale to be an n-dimensional vector containing
an entry for each moment. In the case of n = 2, we would consider η = (η1, η2) and the
(simplified) fixed point equations η1 = 1 + Xη and η2 = 1 + 2Xη1 + Xη2. The constant 1
term may also be considered as the 0-th moment, i.e. E(T0).
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The following results are mainly due to Kura et al.[14]. Unlike the one dimensional case
of ARnkSupMs, a purelymartingale theoretic approach to the following results seemsmore
complicated than the fixed point theoretic approach. We use the advantage of having two
frameworks to work with and, in this case, only use the fixed point theoretic one.

Definition 3.2.6 (Higher order additive ranking supermartingale[14]). Let σ ∈ SchΓ be a
scheduler, C ∈ B(L×RV) a target region and c0 be a starting configuration. A universally
measurable vector-valued function η : (L × RV) × SchΓ → [0, ∞]n is called an n-order
additive ranking σ-supermartingale ((n, σ)-ARnkSupM) at c0 if it satisfies for all paths πc =
c0c1 . . . c with c /∈ C and k ∈ {1, . . . , n}:

ηk(c, σπ) ≥
k

∑
i=1

(
k
i

)
Xηi(c, σπ) + 1.

In particular, for k = 1 it reduces to the definition of an ordinary additive ranking σ-
supermartingale. As before, for a universally measurable function η : L×RV → [0, ∞]n

we define n-order upper additive ranking supermartingales (n-UARnkSupM) to satisfy

ηk(c) ≥
k

∑
i=1

(
k
i

)
Xηi(c) + 1,

under the previous conditions. The lower version is defined analogously.

The domain may be restricted to an invariant I without any problems, but to reduce
notational overload we consider the trivial invariant I = L×RV only from now on.
The k-th entry of η is associated to the k-th moment of the first hitting time TC. As a

single elapsing time unit has different effects on the different moments, we introduce an
elapse function which represents this effect.

Definition 3.2.7 (Elapse function Eln[14]). The function Eln : [0, ∞]n → [0, ∞]n is defined
as

Eln
k (x1, x2, . . . , xn) =

k

∑
i=1

(
k
i

)
xi + 1.

Using the elapse function and defining Xη = (Xη1, Xη2, . . . , Xηn), the supermartingale
condition can be restated as η(c, σπ) ≥ X(Eln ◦ η)(c, σπ), where the inequality sign≥ is to
be interpreted componentwise. Note by linearity of the X operator, we can also exchange
X and Eln, that is, X(Eln ◦ η) = Eln ◦Xη
We are ready to state the main theorem of this section.

Theorem 3.2.15. Let C ∈ B(L×RV) be a target region, σ a scheduler and n ∈N \ {0} a positive
natural number. Let η be an additive ranking σ-supermartingale of order n for C at c0. Then for all
k ∈ {1, . . . , n} we have

∀c ∈ (L×RV) : ∀πc = c0c1 . . . c : ηk(c, σπ) ≥ Ec,σπ(T
k)

where T = TC is the first hitting time of C.
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Proof. Bymonotone convergence it is easy to see that Ec,σ((T ∧m)k) converges to Ec,σ(Tk)
as m→ ∞. Let η be some (n, σ)-ARnkSupM at c0. We show by induction that for all m ∈N

and k ∈ {1, . . . , n} we have ηk(c, σπ) ≥ Ec,σπ((T ∧m)k). For m = 0 it holds trivially since
the right-hand side equals 0 everywhere. Assume it holds for all values< m + 1. The right-
hand side Ec,σπ((T ∧m)k) is constantly 0 on C so we only have to consider c /∈ C. For any
k ≤ n and c0 /∈ C, we have

(T ∧ (m + 1))k(c0c1 . . . ) = ((T ∧m) + 1)k(c1c2 . . . )

= (1 +
k

∑
i=1

(
k
i

)
(T ∧m)i)(c1c2 . . . )

= Eln
k ◦ ((T ∧m), (T ∧m)2, . . . , (T ∧m)k, . . . , (T ∧m)n)(c1c2 . . . )

In the following we use the notation E(T)(c, σ) = Ec,σ(T) to make it compatible with the
nexttime operator X. Taking the expectation Ec,σπ over the above equality for c /∈ C then
gives

E((T ∧ (m + 1))k)(c, σπ) = XE(Eln
k ◦ ((T ∧m), (T ∧m)2, . . . , (T ∧m)k, . . . , (T ∧m)n))(c, σπ)

= Eln
k ◦ (XE(T ∧m)(c, σπ), XE((T ∧m)2)(c, σπ), . . . , XE((T ∧m)n)(c, σπ))

≤ Eln
k ◦ (Xη1(c, σπ), Xη2(c, σπ), . . . , Xηn(c, σπ))

= Eln
k ◦ (Xη)(c, σπ) ≤ ηk(c, σπ).

From the first to second line we used the linearity of the expectation and the nexttime
operator. From the second to third we used the induction hypothesis, and in the last line
we used the defining inequality of (n, σ)-ARnkSupM.
The above inequality holds for allm ∈N, in particular form→ ∞we concludeE(Tk)(c, σπ) ≤

ηk(c, σπ).

Corollary 3.2.15.1. (E(T), E(T2), . . . , E(Tn)) is a (n, σ)-ARnkSupM for all n ∈ N, scheduler
σ and starting configurations c0. Furthermore, it is the least (n, σ)-ARnkSupM.

Proof. From the proof of Theorem 3.2.15 we have the equality (for c /∈ C)

E((T ∧ (m + 1))k)(c, σπ)

= Eln
k ◦ (XE(T ∧m)(c, σπ), XE((T ∧m)2)(c, σπ), . . . , XE((T ∧m)n)(c, σπ)).

By monotone convergence and ω-continuity of X, we get for m→ ∞

E(Tk)(c, σπ) = Eln
k ◦ (XE(T)(c, σπ), XE(T2)(c, σπ), . . . , XE(Tn)(c, σπ))

showing that (E(T), E(T2), . . . , E(Tn)) satisfies the conditions of a (n, σ)-ARnkSupM. From
Theorem 3.2.15 it must be the least one.

Similar to the one dimensional case of σ-ARnkSupM, higher order ARnkSupMs may be
characterized as pre-fixpoints of an appropriate operator. Indeed, the proof of Theorem
3.2.15 implicitly makes use of the Cousot-Cousot sequence given by the stopped processes
(T ∧m). We shortly formalize this observation in the following theorem.
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Theorem 3.2.16. Let C ∈ B(L×RV) be some target region and let σ be some scheduler. For any
n, the tuple E⃗ = (E(T), E(T2), . . . , E(Tn)) is the least fixed point of the monotone operator

Φn,C(η) = 1C(Eln ◦Xη).

Any pre-fixpoint is an overapproximation of the first n moments of T = TC.

Proof. The second claim follows by Knaster-Tarski if we can show that the tuple ofmoments
is indeed a least fixed point. Denote by E⃗m the tuple (E(T ∧m), E((T ∧m)2), . . . , E((T ∧
m)n)) of bounded moments. From the calculations of the proof of Theorem 3.2.15, it is
easily seen that E⃗m+1 = Φn,CE⃗m holds. From⊥ = E⃗0 we immediately get that the Cousot-
Cousot sequence Φm

n,C(⊥) = E⃗m converges to E⃗ as m tends towards infinity.

Next we want to analyze the upper and lower versions, that is, the supremization and
infimization over all schedulers. Unlike the simple ARnkSupM case, the upper version for
higher order ARnkSupM turns out to be sound but not complete, and the lower version
does not even achieve soundness. The reason for this discrepancy is easy to see. Maximiz-
ing a higher order martingale entails maximizing multiple objectives, namely, the various
moments E(Tk). There might not exist a single sequence of schedulers which uniformly
maximizes all moments simultaneously. In other words, for every moment there is gener-
ally a different sequence of schedulers maximizing that specificmoment. The higher order
UARnkSupMs, however, overapproximate allmoments simultaneously. By the dependence
of a component on all the components of lower index, once a lower index component is
strictly overapproximating its corresponding moment, all higher index components will
necessarily be strict overapproximations of their respective moments. For the higher or-
der LARnkSupMs this same reasoning shows that higher index componentsmight actually
underapproximate their respective moment, making the method unsound.

Theorem 3.2.17. Let C ∈ B(L ×RV) be a target region and n ∈ N \ {0} a positive natural
number. Let η be an upper additive ranking supermartingale of order n for C at c0. Then for all
k ∈ {1, . . . , n} we have

∀c ∈ (L×RV) : ∀πc = c0c1 . . . c : ηk(c) ≥ Ec(Tk)

where T = TC is the first hitting time of C.

Proof. We abuse notation and define η(c, σ) = η(c) for all schedulers σ. For c ∈ C the
inequality holds trivially. Otherwise we have for all paths πc = c0c1 . . . c with c /∈ C:

η(c, σπ) ≥ Eln ◦Xη(c) ≥ Eln ◦Xη(c, σπ).

So η is a (n, σ)-ARnkSupM for any scheduler σ, and hence we have ηk ≥ Eσ(Tk) by Theo-
rem 3.2.15. Taking the supremum over all schedulers then gives the desired result.

Remark. It is again possible to view a higher order URnkSupM as a pre-fixpoint of a suitable
operator

Φn,C(η) = 1C(Eln ◦Xη).

The least fixed point of this operator, however, is in general strictly larger than (E(T), . . . , E(Tn)).
This fixed point does not admit a nice and concise description in terms of naturally arising
expectations of suitable random variables.
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To show that the method is incomplete, consider the following example 3.2. The pro-
gram has to choose one of two branches in the beginning. Under branch (a), the program
takes exactly 3 steps to reach the assert (which marks the target region), so Ea(T) = 3 and
Ea(T2) = 9. Under branch (b) there is a probability of p that the program takes only 2
steps, and a probability (1− p) that it needs 4 steps. The moments associated to that ac-
tion are Eb(T) = 2p + 4(1− p) = 4− 2p and Eb(T2) = 22p + 42(1− p) = 16− 12p.
As previously discussed, we consider a situation where one action maximizes the first mo-
ment while another maximizes the second moment. It turns out that for p = 13

24 we have
Ea(T) = 3 > 3− 1

13 = Eb(T) but Ea(T2) = 9 < 19
2 = Eb(T2). Action (a) maximizes the

first moment while action (b)maximizes the second. Now consider a URnkSupM of order
2 for this program. By Theorem 3.2.17, we have η1 ≥ E(T) and η2 ≥ E(T2). From the defi-
nition of η we also have η2 ≥ 1+ 2Xη1 +Xη2 ≥ 1+ 2XE(T) +XE(T2). From the starting
configurationwe can calculateXE(T)(c0) = 2 (by taking branch (a)) andXE(T2)(c0) =

14
3

(by taking branch (b)). It follows that η2(c0) ≥ 1 + 2 · 2 + 14
3 = 29

3 > 19
2 = Eb(T2)(c0) =

E(T2)(c0). η2 is strictly larger than E(T2) at c0.

Listing 3.2: Example: Incompleteness of higher order UARnkSupM
i f ∗ then

skip ; / / Branch ( a )
sk ip ;

e l s e
i f prob ( 1 − p ) then / / Branch ( b )

sk ip ;
sk ip ;

f i
f i
a s s e r t t rue ;

Taking this exact example also shows that LRnkSupM of order 2 are unsound. If we take
η = (E(T), E(T2)), then it is easy to see that η2 ≥ 1 + 2Xη1 + Xη2 = El22(Xη) holds.
By monotonicity of El2 and X, we see that El2(Xη) is also a LRnkSupM of order 2, but
calculating it shows that El22(Xη)(c0) = 9− 2

13 < 9 = E(T2), contradicting the soundness.
In particular, the tuple η = (E(T), E(T2)) becomes smaller through the operator η 7→
El2(Xη) and is thus just a pre-fixpoint of the operator but no fixed point. There exists
pre-fixpoints, such as the least fixed point, which are smaller than (E(T), E(T2)) making
the method unsound.
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3.2.3 Nonnegative Repulsing Supermartingales
In the previous two subsections we introduced supermartingales which give overapprox-
imations of the expected reaching time or higher moments of it. The expected reaching
time can be used to give an qualitative statement about almost sure reachability in the pro-
gram. In this subsection we introduce a notion of supermartingale which gives quantitative
information about reachability, concretely, it overapproximates the reachability probabil-
ity. This can be used to refute almost sure reachability in programs.

Definition 3.2.8 (Nonnegative repulsing supermartingale (NNRepSupM)). Let Γ be a pCFG,
C ∈ B(L × RV) a target region, c0 a starting configuration and σ ∈ SchΓ a scheduler.
A universally measurable function η : (L × RV) × SchΓ → [0, 1] is called a nonnegative
repulsing σ-supermartingale (σ-NNRepSupM) at c0 if it satisfies

η(c, σπ) = 1 for all c ∈ C and all paths πc = c0c1 . . . c,

η(c, σπ) ≥ Xη(c, σπ) for all paths πc = c0c1 . . . c with c /∈ C.

A universallymeasurable function η : L×RV → [0, 1] is called an upper nonnegative repulsing
supermartingale (UNNRepSupM) if it satisfies

η(c) = 1 for all c ∈ C and all paths πc = c0c1 . . . c,

η(c) ≥ Xη(c) for all paths πc = c0c1 . . . c with c /∈ C.

A lower nonnegative repulsing supermartingale (LNNRepSupM) is defined by replacing X

with X in the above definition. The domains of these functions may be restricted to an
invariant I containing c0.

We show that NNRepSupMs give a complete and sound overapproximation of the reach-
ability probability Preach

C (c0, σ) := Prc0,σ(TC < ∞) by employing martingale theory and
fixed point theory in a similar fashion as we did in Subsection 3.2.1. First we show that the
process Yi = η(Ci, σC0...Ci−1) induced by a σ-NNRepSupM is indeed a supermartingale.
Remark. The probability measure Prc,σ on the set of all runs is simply νc,σ from Lemma
3.1.1. The term TC < ∞ expresses the event {c0c1 · · · ∈ (L×RV)ω | TC(c0c1 . . . ) < ∞}.

Lemma 3.2.18. Let η be a σ-NNRepSupM for C at c0 for some scheduler σ, starting configuration
c0 and target region C. Then the induced process Yi given by Yi(c0c1 . . . ) = η(ci, σc0c1...ci−1) is a
supermartingale.

Proof. We need to show that Eσ(Yi+1 | Ci, . . . , C0) ≤ Yi holds. We distinguish two cases.
Either Ci ∈ C, then Eσ(Yi+1 | Ci, . . . , C0) ≤ 1 = Yi holds trivially. Otherwise we have for
Ci /∈ C :

Eσ(Yi+1 | Ci, . . . , C0) =
∫

η(Ci+1, σC0...Ci)µ
σ
C0...Ci

(dCi+1)

=
∫

η(Ci+1, σC0...Ci)µ
σC0...Ci−1
Ci

(dCi+1)

= Xη(Ci, σC0...Ci−1) ≤ η(Ci, σC0...Ci−1) = Yi.
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Since the process Yi is bounded by the value 1, the Optional Stopping Theorem may be
applied directly (see condition (c) in Theorem 2.1.4) giving us the following result.

Theorem 3.2.19. Let η be a σ-NNRepSupM for C at c0 for some scheduler σ, starting configuration
c0 and target region C. Then we have η(c0, σ) ≥ Preach

C (c0, σ).

Proof. Consider the associated stochastic processYi as before. It is bounded by the constant
1 function, so the Optional Stopping Theorem can be applied directly with respect to the
first reaching time T = TC. We get

η(c0, σ) = Y0 = Ec0,σ(Y0) ≥ Ec0,σ(YT)

= Ec0,σ(YT | T < ∞)Prc0,σ(T < ∞) + Ec0,σ(YT | T = ∞)Prc0,σ(T = ∞)

= 1 · Prc0,σ(T < ∞) + Ec0,σ(YT | T = ∞)Prc0,σ(T = ∞)

≥ Prc0,σ(T < ∞) = Preach
C (c0, σ)

The name repulsing supermartingale is actually derived from a somewhat different def-
inition. One can define a repulsing supermartingale to be a supermartingale that can take
negative values and is guaranteed to be positive inside the target region[13]. If the su-
permartingale is also difference bounded (i.e. each step changes its expected value in a
bounded manner) then it is possible to derive a probability bound on never reaching the
target region if the starting value is negative. The idea here is that the supermartingale has
the tendency to decrease over time and hence it tends to stay negative if it started negative.
With a bound on the deviation per step and the use of concentration inequalities (such
as Azuma-Hoeffding’s inequality) the probability that it deviates into the positive region
can be bounded. Because of this tendency to move away (being repulsed) from the positive
region and hence the target region, the name repulsing supermartingale is used.
While this definition is usable, it does not admit a direct adaption to a fixed point theo-

retic setting. We opt for a definition that closely relates to the reachability probability, and
for this it necessarily needs to have the same codomain, in particular, it should never be
negative.

Theorem 3.2.20. For any scheduler σ, starting configuration c0 and target region C, the function
Preach

C is a σ-NNRepSupM at c0.

Proof. Let πc = c0c1 . . . c be any path and T = TC the first reaching time of C. If c ∈ C,
then Preach(c, σπ) = 1. For c /∈ C, note that T(cc′ . . . ) < ∞ if and only if T(c′ . . . ) < ∞.
From this we can conclude for c /∈ C

Preach(c, σπ) = Prc,σπ(T < ∞) = Prc,σπ(T < ∞ | c /∈ C)

=
∫

Prc′,σπc(T < ∞)µσπ
c (dc′)

=
∫

Preach
C (c′, σπc)µ

σπ
c (dc′) = XPreach

C (c, σπ)
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These two theorems establish soundness and completeness of nonnegative repulsing
supermartingales. The proof of the latter actually shows that the value of Preach

C at con-
figurations outside of C stays fixed under the nexttime operator X. This can be used to
establish the following fixed point characterization of Preach

C .

Theorem 3.2.21. Let Γ be a pCFG and C ∈ B(L×RV) a target region. Preach
C is the least fixed

point of the monotone operator
ΨC(η) = 1C + 1CXη.

Proof. From the completeness proof in Theorem 3.2.20, we easily see that Preach
C is indeed a

fixed point ofΨC. We need to show that it is the least fixed point. Towards this, consider the
bounded reachability probability Preach≤n

C (c, σ) = Prc,σ(T ≤ n). The sequence of events
{T < n} is monotonically increasing, hence we have limn→∞ Prc,σ(T ≤ n) = Prc,σ(T <

∞) = Preach
C (c, σ). Now we show thatΨC(P

reach≤n
C ) = Preach≤n+1

C holds and conclude from
Cousot-Cousot’s Theorem that Preach

C = Ψω
C (⊥) is the least fixed point. For c ∈ C, we have

ΨC(P
reach≤n
C )(c, σ) = 1 = Preach≤n+1

C (c, σ). Consider c /∈ C, then T(cc′ . . . ) ≤ n + 1 if and
only if T(c′ . . . ) ≤ n.

Preach≤n+1
C (c, σ) = Prc,σ(T ≤ n + 1 | c /∈ C)

=
∫

Prc′,σc(T ≤ n)µσ
c (dc′)

=
∫

Preach≤n
C (c′, σc)µ

σ
c (dc′)

= XPreach≤n
C (c, σ) = ΨC(P

reach≤n
C )(c, σ)

Note that Preach≤0
C = 1C = ΨC(⊥) 6= ⊥ (unless C is empty). The n-th element of the

Cousot-Cousot sequence actually corresponds toPreach≤n−1
C and not toPreach≤n

C . The latter
would be the case, if we used a strict inequality to define Preach≤n

C .

It is well-known that reachability in deterministic structures like graphs and transi-
tion systems can be characterized as the least fixed point of an operator of the form S 7→
S ∪ R(S) where S is some state/node set and R(S) is the set of states/nodes immediately
reachable within one step from S. So it is to no surprise that reachability in probabilistic
systems admits an analogous characterization of similar form. It can be interpreted as the
direct extension from boolean reasoning to quantitative reasoning.
Now we want to specialize the previous result to the case of a fixed scheduler, as done

before for ARnkSupM.

Lemma 3.2.22. Let σ be a history-independent scheduler, then Preach
C,σ = Preach

C (·, σ) is the least
fixed point of the monotone operator

ΨC,σ(η) = 1C + 1CXη(·, σ).

where η : (L×RV)→ [0, 1] is a scheduler-independent function.

Proof. Follows by the same arguments as in the proof of Theorem 3.2.21 and applying the
equality σ = σπ for all valid paths π.
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Nowwe again consider the upper and lower versions of NNRepSupM. Similar to the case
of E

steps
C , Preach

C also admits lower and upper ϵ-optimal schedulers which we shortly state
in a lemma.

Lemma 3.2.23. The functions Preach
C and Preach≤n

C admit lower and upper ϵ-optimal schedulers.
These schedulers can be chosen to be history-independent.

Proof. The argument is analogous to the argument in Lemma 3.2.9 and a proof is found in
[11, Lemma 3.2]. A reward function is chosen which gives a reward of 1 when entering the
target region C, and 0 otherwise. The expected reward then coincides with the probability
to reach the target region.

The results regarding the extremizations of NNRepSupMs are in essence identical to
the results proven in Subsection 3.2.1 about ARnkSupMs. It is again possible to derive
them via either martingale theory or fixed point theory. We limit ourselves to the fixed
point theoretic approach here but stress the fact that either theory may be used in a similar
fashion as done for ARnkSupMs. Handling the lower version via martingale theory is more
difficult, while the upper version follows the same proof principle as shown before.

Theorem 3.2.24. Let Γ be a pCFG and C ∈ B(L×RV) a target region. P
reach
C is the least fixed

point of the monotone operator
ΨC(η) = 1C + 1CXη.

Proof. Let η be any fixed point of ΨC, then it satisfies η = 1C + 1CXη ≥ 1C + 1CXη =
ΨC(η) for all schedulers σ. We write η(c, σ) = η(c). η is thus a pre-fixpoint of ΨC and by
Knaster-Tarski it is larger than its least fixed point Preach

C (see Theorem 3.2.21). Taking the
supremum over all schedulers gives η ≥ P

reach
C . We need to show thatP

reach
C itself is a fixed

point to complete the proof. From the facts that Preach
C = 1C + 1CXPreach

C (Theorem 3.2.21)
holds and Preach

C admits upper ϵ-optimal schedulers (Lemma 3.2.23), we can apply Lemma
3.2.2 and conclude P

reach
C = 1C + 1CX P

reach
C = ΨC(P

reach
C ).

To prove the analogous result for lower NNRepSupMs, we again make an additional
assumption on the existence of ϵ-optimal schedulers as we did in Theorem 3.2.13.

Theorem 3.2.25. Let Γ be a pCFG and C ∈ B(L×RV) a target region. Preach
C is a fixed point of

the monotone operator
ΨC(η) = 1C + 1CXη.

Moreover, if for every fixed point η of ΨC the function Xη admits lower ϵ-optimal schedulers, then
Preach

C is the least fixed point.

Proof. We first show that Preach
C is indeed a fixed point. As in the upper case, we use the

fact that Preach
C admits lower ϵ-optimal schedulers and apply Lemma 3.2.2 to the equality

Preach
C = 1C + 1CXPreach

C from Theorem 3.2.21 to get the desired result.
Now let η be an arbitrary fixed point of ΨC. For any ϵ > 0, let σϵ be a lower ϵ-optimal

scheduler forXη. Construct a universallymeasurable scheduler σ satisfying σ(π) = σϵ2−|π|(π)
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such that the scheduler σ picks an ϵ2−(n+1)-optimal action for Xη at the n-th step. In par-
ticular, the scheduler σπ is lower ϵ2−(|π|+1)-optimal for Xη. We show by induction that
Preach≤n

C (·, σπ) ≤ η + ∑n+|π|
i=|π|+1 ϵ2−i holds for all paths π and n ∈ N. For n = 0 we have

Preach≤0
C = 1C ≤ 1C + 1CXη = η for all paths π. Now we consider the case n + 1. For

c ∈ C the inequality holds true. For c /∈ C we have:

Preach≤n+1
C (c, σπ) = XPreach≤n

C (c, σπ)

=
∫

Preach≤n
C (c′, σπc)µ

σπ
c (dc′)

≤
∫

η(c′)µσπ
c (dc′) +

n+|πc|

∑
i=|πc|+1

ϵ2−i

= Xη(c, σπ) +
(n+1)+|π|

∑
i=|π|+2

ϵ2−i

≤ Xη(c) + ϵ2−(|π|+1) +
(n+1)+|π|

∑
i=|π|+2

ϵ2−i

= η(c) +
(n+1)+|π|

∑
i=|π|+1

ϵ2−i

From the second to third line we use the induction hypothesis and the linearity of the
integral. From the fourth to fifth line we use the fact that σπ is ϵ2−(|π|+1)-optimal. For the
empty path and n→ ∞ we get

Preach
C (c) ≤ Preach

C (c, σ) = lim
n→∞

Preach≤n
C (c, σ) ≤ η(c) +

∞

∑
i=1

ϵ2−i = η(c) + ϵ.

Since ϵ > 0 was chosen arbitrarily, we conclude Preach(c) ≤ η(c).

The proof actually shows that Preach
C is the least fixed point η of ΨC such that Xη admits

lower ϵ-optimal schedulers. However, we do not have any example of a fixed point which
does not satisfy this property. In particular, we do not have an example where there is a
fixed point smaller than Preach

C that does not admit ϵ-optimal schedulers.
The operators ΨC and ΨC make use of Bellman’s principle of optimality for dynamic

programming which is widely applied in the context of optimal control (e.g. [25, 18, 26]). It
states that an optimal policy or strategy for some starting statemust remain optimal for the
resulting state after the first transition. These operators may be understood as maximizing
or minimizing the expected rewards of the system as it progresses. Here a reward of 1
is obtained whenever the system enters the target region C. If we assume the system to
stop after entering once (or potentially loop indefinitely in some dummy state afterwards),
then the reward can be obtained only once and the expected reward coincides with the
probability to reach C. A similar viewpoint can be taken on ARnkSupM, where a reward of
1 is accumulated whenever the system performs a step outside of the target region. The
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expected reward is then equivalent to the expected reaching time, assuming the system
does not reenter the target region afterwards. This exact reduction to the expected reward
model is used to prove the existence of ϵ-optimal schedulers in [18].
Before we conclude this subsection, we shortly introduce another use of UNNRepSupM

to underapproximate reachability probability proposed by Chatterjee et al.[13]. Chatterjee
et al. made use of the concept of probabilistic invariants and coupled them with qual-
itative reasoning via ranking supermartingales. The idea is to find a predicate which is
strong enough to infer almost sure reachability but potentially too restrictive to be a pure
invariant. Instead, there is a certain probability that the predicate actually fails to be an
invariant. A case where such reasoning can be useful, is when dealing with unbounded
distributions such as normal distributions. A pure invariant has to consider all possible
outcomes of sampling such a distribution which in generally gives a trivial invariant of the
form −∞ < x < ∞. On the other hand, the probability that a sample from for exam-
ple N(0, 1) (normal distribution with mean 0 and variance 1) exceeds the finite value 10 is
around the order of 10−24. For qualitative reasoning an invariant such as x < 10 may be
strong enough to show almost sure reachability whereas x < ∞ may fail to do so. In the
example 3.3 the probabilistic invariant−50 < x < 50 is sufficient to guarantee reachability
under every scheduler but the pure invariant fails to do so for any scheduler.

Listing 3.3: Example: Probabilistic invariants
x : = norm ( 0 , 1 ) ;
i f ( x < 0 ) then

x : = −x ;
f i
z : = 0 ;
n : = ndet ( In t [ 1 , 1 0 0 0 0 ] ) ;
whi le ( n > 0 ) do

z : = z + x ;
x : = x / 2 ;
n : = n + 1 ;

od
a s s e r t z <= 100 ;

To find such probabilistic invariants, one can consider a candidate invariant P and over-
approximate the probability to reach P via UNNRepSupMs. This gives an upper bound
on the probability that the system fails to satisfy P under any scheduler, or alternatively,
a lower bound on the probability that P is an invariant. This can then be used to lower
bound the reachability probability to some target region C via ranking supermartingales
for C supported by P, since whenever P is in invariant, the system is guaranteed to reach
the target C.
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3.2.4 Nonnegative Repulsing δ-Supermartingales
A slight variation of the previously introduced nonnegative repulsing supermartingales
(NNRepSupM) in Subsection 3.2.3 can be used to reason about bounded reachability prob-
abilities, that is, to reason about P(TC ≤ n) instead of Pr(TC < ∞). This variation, in a
sense, gives the counterpart to reasoning about tail probabilities via higher order ranking
supermartingales (Subsection 3.2.2). The idea is to relax the conditions on NNRepSupM
which have to strictly decrease in expectation, and allow them to also increase in expecta-
tion but in a bounded manner. The bound is given by a value δ ≥ 0.

Definition 3.2.9 (δ-NNRepSupM). Let Γ be a pCFG, C ∈ B(L × RV) a target region, c0
a starting configuration and σ ∈ SchΓ a scheduler. Let δ ≥ 0 be given. A universally
measurable function η : (L × RV) × SchΓ → [0, 1] is called a nonnegative δ-repulsing σ-
supermartingale ((δ, σ)-NNRepSupM) at c0 if it satisfies

η(c, σπ) = 1 for all c ∈ C and all paths πc = c0c1 . . . c,

η(c, σπ) ≥ Xη(c, σπ)− δ for all paths πc = c0c1 . . . c with c /∈ C.

A universally measurable function η : L × RV → [0, 1] is called an upper nonnegative δ-
repulsing supermartingale (δ-UNNRepSupM) if it satisfies

η(c) = 1 for all c ∈ C and all paths πc = c0c1 . . . c,

η(c) ≥ Xη(c)− δ for all paths πc = c0c1 . . . c with c /∈ C.

A lower nonnegative repulsing δ-supermartingale (δ-LNNRepSupM) is defined by replac-
ing X with X in the above definition. As usual, the domains of these functions may be
restricted to an invariant I containing c0.

We want to show that η(c, σπ) + nδ ≥ Preach≤n
C (c, σπ) holds for paths π = c0c1 . . . c. The

extra summand nδ here gives an uncertainty introduced through the δ-relaxation. Smaller
values of δ yield better bounds, and in particular for δ = 0 we get back the inequality of
a regular NNRepSupM. The purpose of the δ-relaxation is to increase the set of functions
satisfying the supermartingale condition. This may give smaller solutions for η which
can give tighter bounds for small time horizons. Increasing the set of solutions can be
particularly useful when automatic template synthesis methods are used.

Lemma 3.2.26. Let η be a (δ, σ)-NNRepSupM at c0 for some scheduler σ. Let Zi = Yi − δ · i
define a stochastic process where Yi is the stochastic process induced by η. The stopped process ZT

i is
a supermartingale with respect to the canonical process Ci.

Proof. We have to show that Eσ(ZT
i+1 | Ci, . . . , C0) ≤ ZT

i holds. We do a case distinction on
the event {T < i + 1}. If T < i + 1, then

Eσ(ZT
i+1 | Ci, . . . , C0) = Eσ(ZT | Ci, . . . , CT, . . . , C0)

= ZT = ZT
i
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If T ≥ i + 1, then

Eσ(ZT
i+1 | Ci, . . . , C0) = Eσ(Zi+1 | Ci, . . . , C0)

= Eσ(Yi+1 | Ci, . . . , C0)− δ · (i + 1)
= Xη(Ci, σC0...Ci−1)− δ · (i + 1)

≤ η(Ci, σC0...Ci−1) + δ− δ · (i + 1)

= η(Ci, σC0...Ci−1)− δ · i = Zi = ZT
i

Note that the process Zi defined as above is not bounded and theOptional Stopping The-
orem may not be applied directly to the stopping time T. However, stopping the process
at any fixed time n ∈N, we get the desired result.

Theorem 3.2.27. Let η be a (δ, σ)-NNRepSupM at c0, then η(c0, σ) + δ · n ≥ Preach≤n(c0, σ).

Proof. Let ZT
i be the supermartingale from Lemma 3.2.26. For any fixed n ∈ N, we can

apply the Optional Stopping Theorem to the process ZT
i stopped at n and get

η(c0, σ) = Z0 = Ec0,σ(ZT
0 ) ≥ Ec0,σ(ZT

n )

= Ec0,σ(ZT | T ≤ n)Prc0,σ(T ≤ n) + Ec0,σ(Zn | T > n)Prc0,σ(T > n)
= Ec0,σ(YT − δ · T | T ≤ n)Prc0,σ(T ≤ n) + Ec0,σ(Yn − δ · n | T > n)Prc0,σ(T > n)
= (1− δ ·Ec0,σ(T | T ≤ n))Prc0,σ(T ≤ n) + (Ec0,σ(Yn | T > n)− δ · n)Prc0,σ(T > n)
≥ (1− δ · n)Prc0,σ(T ≤ n) + (0− δ · n)Prc0,σ(T > n)
= Prc0,σ(T ≤ n)− δ · n(Prc0,σ(T ≤ n) + Prc0,σ(T > n))

= Prc0,σ(T ≤ n)− δ · n = Preach≤n
C (c0, σ)− δ · n

We now consider the upper version. The result and proof are similar to Theorem 3.2.5
for ARnkSupMs and to Theorem 3.2.19 for NNRepSupMs.

Theorem 3.2.28. Let η be a δ-UNNRepSupM at c0, then η(c0) + δ · n ≥ P
reach≤n
C (c0).

Proof. We set η(c, σ) = η(c), then for every path πc = c0c1 . . . c we have η(c, σπ) = η(c) ≥
Xη(c)− δ ≥ Xη(c, σπ)− δ. Hence, η is a (δ, σ)-NNRepSupM for any scheduler σ and thus
by Theorem 3.2.27 it satisfies η(c0) + δ · n ≥ Preach≤n

C (c0, σ). Taking the supremum over
all schedulers gives the desired result.

As before, a fixed point theoretic approach can derive similar results. We do not further
develop the fixed point theoretic approach here but instead refer to Takisaka et al.[11] who
give a characterization for the upper and lower version only. The characterization as well
as the proofs are a simple and straightforward adaption of the corresponding proofs for
NNRepSupM in Subsection 3.2.3.
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3.2.5 γ-scaled Submartingales
Reachability is usually seen as a least fixed point of a suitable operator and by employing
Knaster-Tarski one naturally can find overapproximations via pre-fixpoints. In the previ-
ous sections this gave rise to many supermartingale methods which are able to give sound
overapproximations on either reaching times or reachability probabilities. On the other
hand, Cousot-Cousot gives a way to underapproximate least fixed points by constructing
an increasing, infinite sequence that converges to the least fixed point. Such a sequence is
calculated iteratively and is especially hard to compute on infinite state spaces. Further-
more, within finite time it can only give sound but incomplete underapproximations on
most systems. For these reasons, we would like to use Knaster-Tarski instead to obtain
sound underapproximations. Towards this, we need to reframe reachability as a greatest
fixed point such that any post-fixpoint will be a sound underapproximation. Unlike before,
this way we obtain so called submartingales instead of supermartingales. Reachability does
not naturally admit a greatest fixed point characterization, instead, we consider discounted
reachability where longer paths contribute less to the reachability than shorter ones. This
can be achieved by adding a discount factor γ to the natural fixed point characterization of
the reachability probability. It turns out that by adding such a factor, all previously existing
fixed points will get contracted to a single fixed point which is simultaneously the least and
the greatest fixed point, allowing the usage of Knaster-Tarski to obtain overapproximations
as well as underapproximations. However, through the addition of the discount factor, this
method necessarily becomes incomplete.

Definition 3.2.10 (γ-scaled Submartingale (γ-SclSubM)[11, 15]). Let Γ be a pCFG, C ∈ B(L×
RV) a target region, c0 a starting configuration and σ ∈ SchΓ a scheduler. Let γ ∈ (0, 1) be
a scaling factor. A universally measurable function η : (L×RV)× SchΓ → [0, 1] is called a
γ-scaled σ-submartingale (γ-Scl-σ-SubM) at c0 if it satisfies

η(c, σπ) = 1 for all c ∈ C and all paths πc = c0c1 . . . c,

η(c, σπ) ≤ γXη(c, σπ) for all paths πc = c0c1 . . . c with c /∈ C.

A universally measurable function η : L×RV → [0, 1] is called an upper γ-scaled submartin-
gale (U-γ-SclSubM) if it satisfies

η(c) = 1 for all c ∈ C and all paths πc = c0c1 . . . c,

η(c) ≤ γXη(c) for all paths πc = c0c1 . . . c with c /∈ C.

A lower γ-scaled submartingale (L-γ-SclSubM) is defined by replacing X with X in the
above definition. The domains of these functions may be restricted to an invariant I con-
taining c0.

The above definition is very similar to that of NNRepSupM. There are just two differ-
ences, namely, the scaling factor γ and the direction of the inequality. It is easy to see that
such γ scaled submartingale induces a submartingale if stopped at TC, simply by the fact
that η ≤ γXη ≤ Xη holds and Lemma 3.2.3. However, we look at the modified stochastic
process Zi = γiYi instead.
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Lemma 3.2.29. Let η be a γ-scaled σ-submartingale at c0 for C for some scaling factor γ ∈ (0, 1),
scheduler σ, starting configuration c0 and target region C. Let {Yi}i∈N be the induced process ac-
cording to Definition 3.2.4. The stochastic process Zi = γiYi stopped at T = TC is a submartingale.

Proof. We need to show that Eσ(ZT
i+1 | C0, . . . , Ci) ≥ ZT

i holds. We make a case distinction
based on the event {T ≤ i}. For T ≤ i we have

Eσ(ZT
i+1 | C0, . . . , Ci) = Eσ(ZT | C0, . . . , CT . . . , Ci) = ZT = ZT

i

For T > i we have

Eσ(ZT
i+1 | C0, . . . , Ci) = Eσ(Zi+1 | C0, . . . , Ci)

= Eσ(γ
i+1Yi+1 | C0, . . . , Ci) = γi+1Eσ(Yi+1 | C0, . . . , Ci)

= γiγXη(Ci, σC0,...,Ci−1) ≥ γiη(Ci, σC0,...,Ci−1) = ZT
i

Now we want to apply the Optional Stopping Theorem. The process ZT
i is obviously

bounded by 0 ≤ ZT
i ≤ 1, so we may use the Optional Stopping Theorem by condition (c).

This gives the following main theorem.

Theorem 3.2.30. Let η be a γ-scaled σ-submartingale as in Lemma 3.2.29. Then η(c0, σ) ≤
Preach

C (c0, σ).

Proof. We take the process ZT
i from Lemma 3.2.29 and apply the Optional Stopping Theo-

rem (by condition (c)). This gives

η(c0, σ) = Ec0,σ(ZT
0 ) ≤ Ec0,σ(ZT) = Ec0,σ(γ

TYT)

= Ec0,σ(γ
TYT | T < ∞)Prc0,σ(T < ∞) + Ec0,σ(γ

TYT | T = ∞)Prc0,σ(T = ∞)

= Ec0,σ(γ
T | T < ∞)Prc0,σ(T < ∞) + 0 ≤ Prc0,σ(T < ∞)

We note that γT ≤ 1 holds and for T = ∞ we get γTYT = 0 since γ < 1.

The above theorem shows two crucial points about γ-scaled submartingales. First, it is
essential that γ < 1 holds. For γ = 1, we are not able to conclude Eσ(γTYT | T = ∞) = 0
and hence the proof fails. Secondly, since γ needs to be strictly less than 1, we haveEσ(γT |
0 < T < ∞) < 1, which in generally leads to a gap between η and Preach

C (unless T = 0
holds). The higher the expected reaching time, the larger the approximation gap becomes.
The method is sound but not complete and in particular the function Pr(T < ∞) is no
γ-scaled submartingale.
If put into the framework of the general MDP setting, then γ-SclSubMs correspond to

the expected discounted reward model and may be reframed as such. This discount or scal-
ing factor actually lets all fixed points of the corresponding Bellman optimality equation
coincide. We will later give a fixed point characterization based on this Bellman equation
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and see that the corresponding operator is a contraction on the space of universally mea-
surable functions. By Banach’s fixed point theorem, we see that this operator has a unique
fixed point as we already pointed out in the introduction.
We want to get analogous results for both versions as done for other martingale-based

methods. For supermartingales the upper versions tended to be easier to prove while the
lower versions made use of extra assumptions. For submartingales it is the opposite; the
lower version is the easier one to prove. This discrepancy will appear again in Chapter 4
about automatic synthesis, where only lower submartingales and upper supermartingales
admit straightforward synthesis procedures. Let us consider the lower version first.

Theorem 3.2.31. Let η be a lower γ-scaled submartingale at c0 for some target region C and scaling
factor γ ∈ (0, 1). Then η(c0) ≤ Preach

C (c0) holds.

Proof. For any arbitrary scheduler σ and all paths πc = c0c1 . . . c we have η(c, σπ) = η(c) ≤
γXη(c) ≤ γXη(c, σπ). Hence, η is a γ-scaled σ-submartingale for any scheduler σ, and
therefore η(c0) ≤ Preach

C (c0, σ) holds for all schedulers. Taking the infimum on both sides
proves the statement.

We will handle the upper case in the fixed point theoretic framework. First, let us define
the fixed point characterization of γ-Scl-σ-SubM. The proof of Theorem 3.2.30 actually
gives a stronger result than stated, namely, it gives a concrete bound on the largest possible
γ-SclSubM. Themapping (c, σ) 7→ Ec,σ(γT | T < ∞)Prc,σ(T < ∞) = Ec,σ(γT) is an upper
bound. We now show that it is indeed the tightest bound by characterizing it as the unique
fixed point of the corresponding fixed point theoretic operator.

Theorem 3.2.32. Let Γ be a pCFG, C ∈ B(L×RV) a target region and γ ∈ (0, 1) a scaling factor.
Preach

C,γ (c, σ) := Ec,σ(γT) is the unique fixed point of the monotone operator

ΨC,γ(η) = 1C + γ1CXη.

Proof. We proceed in two steps. First we show that Preach
C,γ is indeed a fixed point and then

we show that ΨC,γ is a contraction. From Banach’s fixed-point theorem we conclude that
it must be the unique fixed point. First note that for all c ∈ C, we have Preach

C,γ (c, σ) =

Ec,σ(γT) = Ec,σ(γ0) = 1 = ΨC,γ(P
reach
C,γ )(c, σ). For c /∈ C, note that T(cc′ . . . ) =

T(c′ . . . ) + 1 holds. This gives

Preach
C,γ (c, σ) = Ec,σ(γ

T) = Ec,σ(γ
T | c /∈ C)

=
∫

Ec′,σc(γ
T+1)µσ

c (dc′)

= γ ·
∫

Ec′,σc(γ
T)µσ

c (dc′)

= γ ·
∫

Preach
C,γ (c′, σc)µ

σ
c (dc′)

= γXPreach
C,γ (c, σ) = ΨC,γ(P

reach
C,γ )(c, σ).

Next we show that the operator is a contraction on the Banach space of universally measur-
able functions into [0, 1] with the supremum norm ‖η‖ = supc,σ η(c, σ). It is easy to see
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that this space is indeed a complete metric space, because the functions codomain [0, 1]
is complete and the limit of measurable functions is again measurable. For any two such
functions η1 and η2, we have:

‖ΨC,γ(η1)−ΨC,γ(η2)‖ = ‖γ1CXη1 − γ1CXη2‖
= γ‖1CX(η1 − η2)‖ ≤ γ‖X(η1 − η2)‖
≤ γ‖η1 − η2‖.

Since γ < 1, ΨC,γ is a contraction. We made use of the fact that X is a linear operator and
the underlying integral is taken over a space with total measure 1.

This proof does not directly apply to X and X because these operators are not linear but
rather super- and subadditive. However, slightmodifications to the proof give us analogous
results. Before we go into the upper and lower version, we first establish the existence of
ϵ-optimal schedulers.

Lemma 3.2.33. The function Preach
C,γ admits lower and upper ϵ-optimal schedulers.

Proof. As mentioned previously, this function can be expressed in the discounted average
reward model for general MDPs with positive, bounded rewards and as such admits ϵ-
optimal schedulers[18, 11]. A full proof is given in [11, Lemma 3.2].

Theorem 3.2.34. Let Γ be a pCFG, C ∈ B(L ×RV) a target region and γ ∈ (0, 1) a scaling
factor. Preach

C,γ (c) = Ec(γ
T) is the unique fixed point of the monotone operator

ΨC,γ(η) = 1C + γ1CXη.

Proof. From Theorem 3.2.32 we have ΨC,γ(P
reach
C,γ ) = 1C + γ1CXPreach

C,γ = Preach
C,γ . From

the existence of ϵ-optimal schedulers and Lemma 3.2.2 we can take the infimum over all
schedulers in the previous equation and get ΨC,γ(P

reach
C,γ ) = 1C + γ1CX Preach

C,γ = Preach
C,γ ,

so we have a fixed point. Next we show that the operator is contractive on the space of
universally measurable functions into [0, 1]. Let η1 and η2 be two such functions. We define
the sets CP = {c ∈ L×RV | Xη1(c)−Xη2(c) > 0} and CN = {c ∈ L×RV | Xη1(c)−
Xη2(c) ≤ 0}. These two sets partition the configuration space. Consider the following
inequality:

‖ΨC,γ(η1)−ΨC,γ(η2)‖ = ‖γ1CXη1 − γ1CXη2‖ ≤ γ‖Xη1 −Xη2‖ (3.1)

We can do a case distinction with respect to the sets CP and CN because we have

γ‖Xη1 −Xη2‖ = γ max(‖1CP(Xη1 −Xη2)‖, ‖1CN(Xη1 −Xη2)‖), (3.2)

since the maximum value of the difference is either taken in CP or in CN (or both). First
we consider the second term, i.e. the case of CN . The difference Xη1−Xη2 is nonpositive,
hence the norm is largest when the difference takes the smallest, negative value. Thus we
have

‖1CN(Xη1 −Xη2)‖ ≤ ‖1CN X(η1 − η2)‖ ≤ ‖η1 − η2‖.
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For the case of CP, note that c ∈ CP implies Xη2(c)−Xη1(c) ≤ 0. Using the same argu-
ment as above, we can conclude

‖1CP(Xη1 −Xη2)‖ = ‖1CP(Xη2 −Xη1)‖ ≤ ‖1CPX(η2 − η1)‖ ≤ ‖η2 − η1‖ = ‖η1 − η2‖.

Applying these results to Equations 3.1 and 3.2, we get

‖ΨC,γ(η1)−ΨC,γ(η2)‖ ≤ γ‖η1 − η2‖,

hence ΨC,γ is a contraction.

Because ΨC,γ is contractive, we also know that its unique fixed point may be computed
via the Cousot-Cousot iteration within ω many steps. For LNNRepSupM and LARnkSupM
the convergence after ω steps was not guaranteed. Using this convergence property, we
could actually remove the usage of Lemma 3.2.33 and instead define the fixed point as the
limit of the Cousot-Cousot sequence.

Theorem 3.2.35. Let Γ be a pCFG, C ∈ B(L×RV) a target region and γ ∈ (0, 1) a scaling factor.
P

reach
C,γ (c) = Ec(γT) is the unique fixed point of the monotone operator

ΨC,γ(η) = 1C + γ1CXη.

Proof. The proof follows the same arguments as used in the proof of the lower version in
Theorem 3.2.34. The only argument that changes slightly is the use of the partition into CP
and CN . On the set CP we have ‖Xη1 −Xη2‖ ≤ ‖X(η1 − η2)‖ and on the set CN we can
simply consider the difference ‖Xη2 −Xη1‖ and argue as before.

Asmentioned in the introduction, we can simply apply Knaster-Tarski to any of the three
variations of γ-scaled submartingales and get that any postfix point is a underapproxima-
tion of the unique fixed point. Note that P

reach
C,γ ≤ P

reach
C and Preach

C,γ ≤ Preach
C hold, so

every underapproximation via upper or lower γ-scaled submartingales is sound. We want
to stress the strong correspondence between submartingales and post-fixpoints, super-
martingales and pre-fixpoints and lastly betweenmartingales and fixed points. This corre-
spondence is the key component making both the fixed point theoretic and the martingale
theoretic approach so similar in appliance and results.
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3.2.6 Martingales for Recurrence
In this section, we introduce a method to characterize recurrence probabilities via fixed
point theoretic martingales. A run of a system is called recurrent with respect to a region
C, if the run visits C infinitely often. Recurrence is also known as liveliness property, which
states that no matter what happens, the system will eventually come back to a safe state. In
LTL this property can be specified via the formula�♦C. Recurrence is known to be a com-
bination of a least fixed point (♦C) and a greatest fixed point (�(♦C)) and we show that in
the demonic case, these two fixed points can be computed/approximated sequentially via
a combination of super- and submartingales. In the angelic case, this sequential computa-
tion is not directly possible.

Definition 3.2.11 (Recurrence probability). Let C ∈ B(L×RV) be a measurable target re-
gion. A run c0c1 . . . is said to be C-recurrent, if for all n ∈ N, there is a i ≥ n such that
ci ∈ C holds. We denote the set of all C-recurrent runs as Πrec

C . For any scheduler σ and
starting configuration c, we define Prec

C (c, σ) := Prc,σ(Πrec
C ) to be the probability that a run

starting from c under scheduler σ is C-recurrent. Naturally, we define the upper and lower
versions by supremizing and infimizing over all schedulers respectively.

Note that the above definition is well-defined only if the set Πrec
C is measurable. We now

give a characterization of this set as a limit of reachability sets, which also shows its Borel
measurability. We also remind the reader that Prc,σ is nothing but the path measure νc,σ

from Lemma 3.1.1.

Lemma 3.2.36. For any C ∈ B(L×RV), the set Πrec
C is equivalent to the set

∩
n Πreach≥n

C , where
Πreach≥n

C := {c0c1 · · · ∈ Π | ∃i ≥ n : ci ∈ C} are delayed reachability sets. Each of these sets is
Borel measurable.

Proof. The following relation is apparent: Πrec
C ⊆ Πreach≥n+1

C ⊆ Πreach≥n
C . Every run that

enters C after at least n+ 1 steps, also enters it after at least n steps. A C-recurrent run visits
C infinitely often and hence by definition is contained in any of the delayed reachability
sets. We have Πrec

C ⊆ ∩
n Πreach≥n

C . For the other direction, consider a run in c0c1 · · · ∈∩
n Πreach≥n

C . For all n ∈ N, the run is contained in Πreach≥n
C , so there exists an i ≥ n such

that ci ∈ C holds. But this is exactly a C-recurrent run.
To see that these sets are measurable, we first denote by Rectn(C) themeasurable rectan-

gle (L×RV)n×C× (L×RV)ω. Then we have Πreach≥n
C =

∪
i≥n Recti(C) is the countable

union of measurable sets and thus measurable itself. The set Πrec
C is then also measurable

as the countable intersection of measurable sets.

If we denote the probability Prc,σ(Πreach≥n
C ) by Preach≥n

C (c, σ), then we want to show that
Preach≥n

C = XnPreach≥0
C = XnPreach

C converges to Prec
C as n goes to infinity. This leads to

a sequential fixed point characterization by first computing Preach
C as a least fixed point

(see NNRepSupM) and then seeing Prec
C as the greatest fixed point given by the decreasing

Cousot-Cousot sequence (XnPreach
C )n∈N.

Lemma 3.2.37. For all n ∈N we have Preach≥n+1
C = XPreach≥n

C .



3 Martingale-based Program Verification 65

Proof. A path c0c1c2 . . . is contained in Πreach≥n+1
C if and only if the suffix c1c2 . . . is con-

tained in Πreach≥n
C . From this we get

Preach≥n+1
C (c, σ) =

∫
Preach≥n

C (c′, σc)µ
σ
c (dc′) = XPreach≥n

C (c, σ)

In terms of LTL, the nexttime operator X can be identified with the LTL next operator
©. We generally haveXPrc,σ(π |= φ) = Prc,σ(π |=©φ) for all LTL formulas φ. The above
lemma corresponds to the equivalence of the LTL formulas ♦≥n+1 and©♦≥n. Indeed, in
terms of LTL, the operator ♦≥n is shorthand for ©n♦ which makes the previous claim
trivial. Now we need show that this sequence (XnPreach)n∈N indeed converges to Prec

C , but
this is just an application of Lemmas 3.2.36 and 3.2.37.

Lemma 3.2.38. The sequence (XnPreach
C )n∈N decreases monotonically and converges to Prec

C .

Proof. First of all note that Prc,σ is a probability measure for all σ and c and therefore
monotone. The sequence Πreach≥n

C is monotonically decreasing and hence the associated
sequence of probabilities Prc,σ(Πreach≥n

C ) = Preach≥n
C (c, σ) = XnPreach

C (c, σ) is monotoni-
cally decreasing. For the convergence we use Lemma 3.2.36 and get

Prec
C (c, σ) = Prc,σ(

∩
n

Πreach≥n
C )

= inf
n

Prc,σ(Πreach≥n
C )

= lim
n→∞

Preach≥n
C (c, σ)

= lim
n→∞

XnPreach
C (c, σ) = XωPreach

C (c, σ).

We made use of the fact that the sequence is decreasing and hence infimum and limit
coincide.

Now we are ready to state the main theorem of this section.

Theorem 3.2.39. The tuple (η1, η2) = (Preach
C , Prec

C ) is the solution to the fixed point equation
system given by

η1 =µ 1C + 1CXη1

η2 =ν min{η1, Xη2}

Proof. The solution to the first fixed point equation is simply the least NNRepSupM as
shown in Theorem 3.2.21. This is exactly Preach

C . The solution to the second equation is
the greatest fixed point of η2 7→ Xη2 that is less than η1 = Preach

C . We can consider η1
as the top element > and compute the greatest fixed point under η1 by considering the
Cousot-Cousot sequence Xn(>). For > = η1 = Preach

C this converges to Prec
C by Lemma

3.2.38.
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In order to find sound approximations for Prec
C , one has to either underapproximate or

overapproximate both fixed points in Theorem 3.2.39. Knaster-Tarski is insufficient for
this task since it gives approximations in different directions for both types of fixed points.
However we can use γ-scaled submartingales to get an underapproximation η1 ≤ Preach

C
and then use Knaster-Tarski to get an underapproximation of the second fixed point. This
method is generally not complete because γ-scaled submartingales are not complete.

Corollary 3.2.39.1. Let C ∈ B(L ×RV) be a target region, γ ∈ (0, 1) a scaling factor and let
(η1, η2) be functions such that

1. η1 ≤ 1C + γ1CXη1,

2. η2 ≤ Xη2 and

3. η2 ≤ η1,

then (η1, η2) ≤ (Preach
C , Prec

C ) holds.

Proof. η1 is just a γ-scaled submartingale and by Theorem 3.2.32 underapproximatesPreach
C .

η2 is a post-fixpoint of the mapping η 7→ min{η1, Xη} and by monotonicity of the mini-
mum function, it is also a post-fixpoint of η 7→ min{Preach

C , Xη}. Hence by Knaster-Tarski,
it underapproximates the greatest fixed point of the later, which is exactly Prec

C .

Recurrence can be thought of as a two objective function. The first objective is to reach
the target region C, the second one is to stay inside a region that is capable of revisiting
C. Because of this, replacing the nexttime operator X in the fixed point characterization
of Prec

C by X yields a system whose solution is not P
rec
C , but rather an overapproximation

of it. The key observation is that P
rec
C is determined by schedulers which simultaneously

maximize both objectives, while a modified fixed point characterization allows the usage
of different schedulers for each objective. Consider the following trivial example.

Listing 3.4: Example: Upper recurrence incompleteness
1 . x : = 0 ;
2 . while x = 0 do
3 . i f ∗ then
4 . x : = 1

f i
od

5 . a s s e r t t rue ;
6 . sk ip ;

The target region is marked by the assert statement. Obviously, this statement can only
be reached once so the system is never recurrent under any scheduler. Now consider the
upper reachability probability P

reach
C , which assigns to every configuration with label l ∈

{1, 2, 3, 4, 5} the value 1, and 0 for the last skip statement. We can simply use a scheduler
which executes x := 1 in the first loop iteration to break out of the loop and reach the
assert. If we now compute a few iterations of X

n
P

reach
C , then it will converge to a function

that assigns value 1 to the labels {1, 2, 3} and 0 elsewhere. The reason is that we can take
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a scheduler which never leaves the loop and thus stays inside a region R which satisfies
P

reach
C (R) = 1. The problem here is that the objective of staying inside R and the goal of

reachingC aremutually exclusive and no single scheduler can achieve both. By considering
both objectives separately, we can find two schedulers that satisfy one objective each.
Interestingly, lower recurrence Prec

C does not suffer from this problem. It is indeed pos-
sible to take Theorem 3.2.39 and simply replaceX byX for both fixed points to get a correct
characterization of Prec

C . Before we proof this statement, we first need to establish the ex-
istence of ϵ-optimal schedulers for Preach≥n.

Lemma 3.2.40. For all n ∈N and target regions C ∈ B(L×RV), the function Preach≥n
C admits

lower and upper ϵ-optimal schedulers

Proof. Unlike before, we cannot directly reference results from Takisaka et al. but we use
their proof technique to show that ϵ-optimal schedulers do exist. We use the construction
by Takisaka et al.[11, Lemma 3.2] to construct an infinite horizon stochastic optimal control
model from a given pCFG for which we know the existence of ϵ-optimal schedulers[18].
In this model we assume that a configuration in C is reached only once (by modifying it
to go to a fixed self-looping configuration after entering C). Furthermore, we extend the
configuration space to (L×RV)× {0, ..., N} such that every transition moves from (c, k)
to some (c′, min(k + 1, n)). This is done to differentiate the first n steps of the system.
Note that since {0, ..., n} is finite, we do not introduce any measurability issues here. Now
we can define a single-step cost function gn : ((L×RV)× {0, ..., n})× (L∪R)→ [0, 1] as
follows.

gn((c, k), ξ) =

{
1 k = n and c ∈ C,
0 else

The parameter ξ ∈ (L ∪R) is the action that was chosen at state (c, k). It can either be
a nondeterministic transition to a different location l ∈ L or the real value x ∈ R of a
nondeterministic assignment. In either case, we ignore the action and give a reward of 1
if we are in the target region C and at least n steps have been made so far. Then this cost
function induces an infinite horizon expected reward function

Jn(c0, σ) :=
∫ ∞

∑
i=0

gn(ck, ξk)ν
c,σ(dπ)

where π = (c0, ξ0)(c1, ξ1)(c2, ξ2) . . . is a path augmented with actions such that action ξi is
chosen according to σ(c0c1 . . . ci). It is easy to see that Jn = Preach≥n

C holds because exactly
the paths in Πreach≥n

C get a reward of 1, while all others get a reward of 0. We made some
adaptions to Jn to fit it in our setting. Originally it is formulated via policies instead of
schedulers, but they are essentially identical and can be translated to each other[11, Lemma
3.2]. The cost function gn is the indicator function of the Borel set C× {n} and as such it
is bounded, nonnegative and lower semianalytic. There exist ϵ-optimal policies and hence
schedulers for such cost functions[18, Proposition 9.19]

Theorem 3.2.41. The tuple (η1, η2) = (Preach
C , Prec

C ) is the unique solution to the fixed point



68 3.2 Application of Martingales

equation system given by

η1 =µ 1C + 1CXη1

η2 =ν min{η1, Xη2}

Proof. The solution to the first fixed point equation is simply the least LNNRepSupM as
shown in Theorem 3.2.25. This is exactly Preach

C . For the second part, we first note that
Preach≥n+1

C = X Preach≥n
C holds by the existence of ϵ-optimal schedulers and Lemma 3.2.2.

The sequence defined by Preach≥n
C = XnPreach

C is monotonically decreasing hence con-
verges. We show that it converges to Prec

C .

Prec
C (c) = inf

σ
Prec

C (c, σ)

= inf
σ

inf
n

Preach≥n
C (c, σ)

= inf
n

inf
σ

Preach≥n
C (c, σ)

= inf
n

Preach≥n
C (c)

= inf
n

XnPreach
C (c) = XωPreach

C (c)

We made use of the fact that Prec
C = limn→∞ Preach≥n

C = infn Preach≥n
C holds from Lemma

3.2.38 and that the order of taking infima can be exchanged.

This proof is not adaptable to the case of upper recurrence because the exchange of order
of sup and inf is generally not possible. In fact, by exchanging sup inf to inf sup, the result
gets larger, which explains why a similar fixed point characterization via X fails and leads
to a fixed point that is larger than P

rec
C as demonstrated in Example 3.4.

Nowwe take a look at the problemof deciding almost sure recurrence, i.e. decidingwhether
Prec

C (c) = 1 holds. The problem of qualitatively deciding almost sure recurrence in a prob-
abilistic system is surprisingly similar to the problem of deciding positive almost sure
reachability. Indeed, ranking functions are capable of this. If we can find a ranking func-
tion for a target region C that is finite on an invariant I containing C then the systemmust
be recurrent. Simply put, finiteness of an ARnkSupM on I implies a finite expected reach-
ing time E

steps
C (c) for every c ∈ I by Theorem 3.2.5, so every configuration is eventually

driven towards C. We then have for all c ∈ I:

1. Pr(c |= �I) = 1 and

2. Pr(c |= ♦C) = 1.

These conditions imply that the systems always stays in I (since it is an invariant) andwhen-
ever it leaves the target region C, it will eventually reenter it. This technique is reminiscent
of Foster’s Theorem for recurrence in countable state Markov chains. Indeed such reason-
ing is found in [27] and a generalization to uncountable Markov chains is given by Meyn et
al. in [28]. We formalize the above mentioned idea know.
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Definition 3.2.12 (Recurrence set RecC,σ). For a target region C ∈ B(L×RV) and a history-
independent scheduler σ, we define the recurrence set RecC,σ =

{
c ∈ L×RV | Prec

C (c, σ) =

1
}

.

We use history-independent schedulers for this definition to make the following char-
acterization more concise. There is no gain in considering history-dependent schedulers.

Theorem 3.2.42. R = RecC,σ satisfies the following two properties.

1. for all c ∈ R: Prσ(c |= �R) = 1 and

2. for all c ∈ R: Prσ(c |= ♦C) = Preach
C (c, σ) = 1.

Furthermore, any set satisfying the above properties is a subset of RecC,σ, making it the largest such
set.

Proof. First we show that R = RecC,σ indeed satisfies both properties. Property 2 holds
directly because 1 = Prec

C (c, σ) ≤ Preach
C (c, σ) holds. For property 1 assume that there is a

configuration c0 ∈ R such that L×RV \R has positive measure (i.e. µσ
c0
(L×RV \R) > 0),

then we get the following contradiction:

1 = Prec
C (c0, σ) = XPrec

C (c0, σ) =
∫

L×RV
Prec

C (c1, σ)µσ
c0
(dc1)

=
∫

R
1µσ

c0
(dc1) +

∫
L×RV\R

Prec
C (c1, σ)µσ

c0
(dc1)

< µσ
c0
(R) + µσ

c0
(L×RV \ R) = 1.

The set L×RV \ R must have measure zero starting from any configuration c0 in R. The
last inequality is obtained because Prec

C (c1, σ) < 1 for all c1 ∈ L×RV \R. The system stays
almost surely in R.
We proceed to show that any set R satisfying 1 and 2 is a subset of RecC,σ making it the

largest such set. Suppose both properties hold and let c ∈ R be a configuration. By property
1 we can conclude Prσ(c |=©nR) = Xn(1R)(c, σ) = 1 for all n ∈N, where 1R maps input
(c, σ) to 1 if c ∈ R and else to 0. Note that we need to define 1R scheduler-dependent to be
compatible with the definition of the X operator. Property 2 implies Preach

C · 1R = 1R. By
3.2.38 we get the following equality

Prec
C (c, σ) = inf

n
Preach≤n

C (c, σ) = inf
n

Prσ(c |= ♦≥nC)

= inf
n

Prσ(c |=©n♦C) = inf
n

Prσ(c |=©n(♦C ∧ R))

= inf
n

Xn(Preach
C · 1R)(c, σ) = inf

n
Xn(1R)(c, σ) = 1.

In the fourth inequality we use the fact that c |=©nR is an almost sure event, in the second
to last equality we use property 2 and in the last one use property 1.

Recurrence sets in probabilistic programs have strong similarities to bottom strongly
connected components (BSCCs) in finite Markov chains. A BSCC is a strongly connected
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component that has no outgoing transitions. In finite Markov chains recurrence can be
decided by finding all BSCCs that intersect C and find whether one of them is eventually
reached[29]. The bottomness of BSCCs corresponds to property 1 in that both the BSCC
and the recurrence set are not left once entered (they both are kinds of invariants). If a BSCC
intersects with the target region C then finiteness as well as strongly connectedness guar-
antee that the region C is reached. This corresponds to property 2 of the recurrence sets. In
fact, the union of all BSCCs of a finite Markov chain which intersect some region C form a
recurrence set for that region (since a Markov Chain is scheduler-independent, recurrence
with respect to a scheduler σ and regular recurrence coincide). As previously mentioned,
these properties can be decided by finding an invariant I and a ranking supermartingale
on that invariant.



4 Template-based Synthesis

This section explains methods to automatically synthesize martingales which are intro-
duced in Section 3.2. The method of choice is so called template-based synthesis, where
a template function is fixed and then its variable parameters are computed such that it
is indeed a martingale for the program in question. We consider two types of templates;
linear templates which can be solved using linear programming (LP), and polynomial tem-
plates which are solved by semi-definite programming (SDP). In both cases, the problem
becomes an optimization problemwhich allows us to compute a solution that not only sat-
isfies the martingale constraints but also minimizes or maximizes the probability bounds
for the initial configuration. Template-based synthesis is the state of the art method to
construct martingale-like expressions for verification. Linear as well as polynomial tem-
plates are widely used[12, 13, 9, 11, 14, 27, 8]. We apply synthesis of linear martingales to
short programs and show its results in Section 4.3.

4.1 Linear Templates
In the following we assume a pCFG Γ over a finite variable set V = {x1, x2, . . . , xn} with a
finite location set L. We also assume that an invariant I and a target region C are given.

Definition 4.1.1 (Linear expressions). A linear expression is given by the grammar

〈a〉 ::= r | x | r·〈a〉 | 〈a〉 + 〈a〉

where r ∈ R is a real value and c ∈ V a variable. Its semantics JaK : RV → R are inductively
defined by JrK(x) = r, JxK(x) = x(x), Jr · aK(x) = r · JaK(x) and Ja + bK(x) = JaK(x) +JbK(x). A linear expression map is a mapping η that assigns to each location l ∈ L a linear
expression over V. Its semantics are defined by JηK(l, x) = Jη(l)K(x).
Definition 4.1.2 (Linear constraints, conjunctions and predicates). A linear constraint is an
expression of the form a > 0 or a ≥ 0 where a is a linear expression. We define Ja ◃ 0K =
{x ∈ RV | JaK(x) ◃ 0} ⊆ RV where ◃ ∈ {>,≥}. A linear conjunction is an expression of
the form r1 ∧ r2 ∧ · · · ∧ rm where each ri is a linear constraint. A linear predicate p1 ∨ p2 ∨
· · · ∨ pj is a disjunction of linear conjunctions. Their semantics are given by Jr1 ∧ · · · ∧
rmK =

∩m
i=1JriK and Jp1 ∨ · · · ∨ pjK =

∪j
i=1JpiK. A linear predicate map P assigns to each

label l ∈ L a linear predicate P(l). We define JPK(l) = JP(l)K.
Our goal is to automatically synthesize a linear expression map η that satisfies the mar-

tingale conditions and is as close as possible to the bounds (over or underapproximation
depends on the concrete martingale we want to synthesize). For this, we need some restric-
tions on the pCFG Γ that ensure linearity. We have the following conditions and assump-
tions

1. For assignments l ∈ LA and update function Up(l) = (xj, u) we have
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a) if u = f ∈ B(RV , R), then f = JfK for a linear expression f,

b) if u = d ∈ D(R), then the expectation E(d) is known,

c) if u = A ∈ B(R), then A = JAK for some linear predicate A over {xj},

2. if l ∈ LD, then each guard G(l, l′) = JGK is given by a linear predicate G,
3. the invariant I = JIK is given by a linear predicate map I,

4. the target region C = JCK is given by a linear predicate map C,

5. the pCFG is finitely branching. Every location has only finitely many successors.

For pCFGs that are induced by a affine probabilistic program (APP), most of these condi-
tions are automatically satisfied. We will use a slightly adapted syntax for APP to annotate
labels with predicates that specify the invariant and the target region. This syntactical ex-
tension is described in the Experiments section.
Now we fix a linear expression map template for the martingale η of the form ηl =

cl
1x1 + cl

2x2 + · · ·+ cl
nxn + dl for each l ∈ L, where the coefficients cl

i and dl are unknown
parameters to be optimized for. We denote this set of coefficients by A. We introduce a
new variable xndet that is used to represent nondeterministic choice and extend the set of
variables to V′ = V ∪ {xndet}. We construct 3 sets of formulas for each label l with the
following intentions:

The first set of formulas Fl
1 describes the invariant conditions (e.g. positivity inside

the invariant).

The second set Fl
2 describes the conditions inside the target region (such as taking

value 1 for NNRepSupM).

The third set Fl
3 describes the martingale conditions outside of C (increase or de-

crease in expectation).

Depending on the martingale under consideration, the formulas have different concrete
structure but their general structure is always the same. All the formulas we use have the
form ϕ =⇒ ψ, where ϕ is a linear conjunction over V′ with inequalities ≥, and ψ is a
formula of the form c1x1 + c2x2 + · · ·+ cnxn + cndetxndet + d ≥ 0 where each ci and d is a
linear expression over the coefficient set A.
Since all expressions are linear, we can equivalently describe each such formula via Ax+

b ≥ 0 =⇒ cTx + d ≥ 0. Note that the coefficient vector c contains linear expressions over
A. We make use of Farka’s Lemma to transcribe the implications into a linear program
to optimize. For this, we relax all strict inequalities > to ≥ to allow the usage of Farkas’
Lemma. This affects completeness of the method but soundness is preserved. LP solvers
can not handle strict inequalities so this kind of relaxation is necessary either way.

Proposition 4.1.1 (Farkas’ Lemma (affine version)). Let Ax ≤ b have at least one solution, then
Ax ≤ b =⇒ cTx ≤ d holds if and only if there exists y ≥ 0 such that yT A = cT and yTb ≤ d.
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For a proof we refer to [30, Corollary 7.1h]. The idea behind this lemma is as follows.
If Ax ≤ b is feasible, then the inequalities of this system can be conically combined to
derive new inequalities yT Ax ≤ yTb (with y ≥ 0). Then cTx ≤ d holds if and only if it is
possible to derive a (potentially) stronger inequality of the form cTx ≤ d′ where d′ ≤ d,
since cTx ≤ d′ implies cTx ≤ d.
By bringing the inequalities Ax + b ≥ 0 and cTx + d ≥ 0 of our original system into

the form (−A)x ≤ b and (−cT)x ≤ d we can apply Farkas’ Lemma and obtain: There
exists y such that yT(−A) = −c and yTb ≤ d, or equivalently, yT A = c and yTb ≤ d.
This application is valid if Ax ≤ b has a solution. If it has not, then the implications
Ax ≤ b =⇒ cTx ≤ d are trivially satisfied anyway.

Corollary 4.1.1.1. An implication Ax + b ≥ 0 =⇒ cTx + d ≥ 0 is true if either Ax + b ≥ 0
has no solutions or there exists a nonnegative vector y ≥ 0 such that yT A = c and yTb ≤ d holds.

This reduces satisfiability of linear implications into a feasibility problem over the vari-
able set A ∪ {y1, . . . , ym} where m is the number of rows in A and can be solved using
standard linear programming algorithms. Now it remains to concretely construct such
formulas for different martingales. We show the constructions for UNNRepSupM and L-
γ-SclSubM. UARnkSupM and higher order UARnkSupM can be handled similarly (See [9]
and [14], respectively). From now on we assume the following form of the predicates de-
scribing the invariant, target region and the guards:

the invariant is given by I(l) =
∨NI

l
i=1

∧NI
l,i

j=1(al
i,jx + bl

i,j ≥ 0) =
∨NI

l
i=1

∧NI
l,i

j=1(α
l
i,j ≥ 0),

where al
i,j is a row vector of coefficients, and αl

i,j is just a shorthand for the linear
expression al

i,jx + bl
i,j ≥ 0,

the target region is given by C(l) =
∨NC

l
i=1

∧NC
l,i

j=1(al
i,jx+ bl

i,j ≥ 0) =
∨NC

l
i=1

∧NC
l,i

j=1(βl
i,j ≥ 0),

the guards are given by G(l, l′) =
∨NG

l,l′
i=1

∧NG
l,l′ ,i

j=1 (al,l′
i,j x + bl,l′

i,j ≥ 0) =
∨NG

l,l′
i=1

∧NG
l,l′ ,i

j=1 (gl,l′
i,j ≥

0).

We consider the special case of UNNRepSupM and assume its form to be ηl = cl
1x1 +

cl
2x2 + · · ·+ cl

nxn + dl for each location l ∈ L. The first axiom we need to encode is non-
negativity inside the invariant (η ≥ 0 inside I):

Fl
1 = {

NI
l,i∧

j=1

(αl
i,j ≥ 0) =⇒ (cl

1x1 + cl
2x2 + · · ·+ cl

nxn + dl ≥ 0) | 1 ≤ i ≤ NI
l }

If any of the invariant disjunctions are satisfied, then the supermartingale has to be positive.
The second axiom we encode is the property that a UNNRepSupM takes value 1 inside

the target region (η(c) = 1, c ∈ C). We relax this axiom and allow it to take values greater
than 1 without affecting soundness nor completeness. Furthermore, this condition is only
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enforced inside the invariant, that is inside the intersection of C and I.

Fl
2 = {

NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l,m∧

j=1

(βl
m,j ≥ 0) =⇒

(cl
1x1 + cl

2x2 + · · ·+ cl
nxn + (dl − 1) ≥ 0) | 1 ≤ i ≤ NI

l , 1 ≤ m ≤ NC
l }

If we are inside the target region and invariant, then the supermartingale has to take value
of at least 1.
Lastly, we need to encode the supermartingale axiom itself, i.e. the decrease in expecta-

tion per transition (η ≥ Xη outside of C). This condition only needs to be satisfied inside
the invariant but outside the target region, that is, inside I ∩C. Note that (l, x) is outside of
C if and only if for each 1 ≤ m ≤ NC

l there is a 1 ≤ jm ≤ NC
l,m such that βl

m,jm < 0, or equiv-
alently, −βl

m,jm > 0. We relax this inequality to −βl
m,jm ≥ 0 which affects the completeness

but not the soundness of this method. We do a case distinction based on the location type
l:

If l ∈ LN , then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) =⇒

(
(cl

1 − cl′
1 )x1 + (cl

2 − cl′
2 )x2 + · · ·+

(cl
n − cl′

n)xn + (dl − dl′) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m, l′ ∈ succ(l)

}
Note that we iterate over all successors l′ of l and over all tuples j⃗ = (j1, . . . , jNC

l
) with

1 ≤ jm ≤ NC
l,m.

If l ∈ LP, then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) =⇒

(
(cl

1 − ∑
l 7→l′

Pr(l, l′)cl′
1 )x1 + · · ·+

(cl
n − ∑

l 7→l′
Pr(l, l′)cl′

n)xn + (dl − ∑
l 7→l′

Pr(l, l′)dl′) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m

}

If l ∈ LD, then for each successor l′ ∈ succ(l) there is a unique guard G(l, l′) and

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) ∧

NG
l,l′ ,h∧

j=1

(gl,l′
h,j ≥ 0) =⇒

(
(cl

1 − cl′
1 )x1 + · · ·+

(cl
n − cl′

n)xn + (dl − dl′) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m, 1 ≤ h ≤ NG

l,l′ , l′ ∈ succ(l)
}

If l ∈ LA, Up(l) = (xv, u) and l′ is the unique successor of l then



4 Template-based Synthesis 75

if u = f ∈ B(RV , R) and f = JfK = Jr1x1 + r2x2 + · · ·+ rnxn + sK is a linear
expression, then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) =⇒

(
(cl

1 − cl′
1 − r1cl′

v )x1 + · · ·+ (cl
v − rvcl′

v )xv + . . .

+ (cl
n − cl′

n − rncl′
v )xn + (dl − dl′ − scl′

v ) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m

}
if u = d ∈ D(R) and E(d) = s, then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) =⇒

(
(cl

1 − cl′
1 )x1 + · · ·+ (cl

v − s)xv

+ · · ·+ (cl
n − cl′

n)xn + (dl − dl′) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m

}

if u = JAK = J∨NA
l

k=1
∧NA

l,k
j=1(pl

k,jxv + ql
k,j ≥ 0)K ∈ B(R) is given by a linear predi-

cate over {xv}, then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) ∧

NA
l,k∧

j=1

(pl
k,jxndet + ql

k,j ≥ 0) =⇒

(
(cl

1 − cl′
1 )x1 + · · ·+ cl

vxv + · · ·+ (cl
n − cl′

n)xn + (−cl′
v )xndet + (dl − dl′) ≥ 0

)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m, 1 ≤ k ≤ NA

l

}
.

For every choice of xndet, i.e. every possible way to resolve the nondeterminism,
the expectation has to decrease.

It is worth noting that for the nondeterministic locations this type of construction only
works because we are maximizing the next step expectation, i.e. no matter how the nonde-
terminism is resolved, the expectation has to decrease. This is expressible by a conjunction
of formulas for each possible way to resolve nondeterminism. For LNNRepSupM, the non-
determinism results in disjunctive formulas because there only has to exist a single way to
resolve it such that the supermartingale’s expectation decreases. This is not solvable by
linear programming, but satisfiability of such formulas is still decidable because of the
decidability of first-order theories of the real numbers[31].
As previously described, each of these formulas can be expressed as Ax + b ≥ 0 =⇒

cTx + d ≥ 0. Farkas’ Lemma then reduces this satisfiability problem to an optimization
problem yT A = c and yTb ≤ d subject to y ≥ 0 with parameters in A∪ {y1, . . . , ym}. Any
solution to this problem provides a certificate for the satisfiability of the above formulas in
the form of a supermartingale η. Concretely, we have the following theorem:
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Theorem 4.1.2 (Synthesis Theorem of UNNRepSupM). Let sol : A ∪ {y1, . . . , ym} → R be
a solution to the optimization problem induced by the family of formulas Fl

i where i ∈ {1, 2, 3}
and l ∈ L, then the function η(l, x) = sol(cl

1)x1 + sol(cl
2)x2 + · · ·+ sol(cl

n)xn + sol(dl) is a
UNNRepSupM for C supported by the invariant I.

WehaveP
reach
C (l, x) ≤ η(l, x) and in particular for a starting configuration c0 = (linit, xinit),

we have P
reach
C (linit, xinit) ≤ η(linit, xinit). We can minimize the linear objective functionJηlinitK(xinit) obtained from the template ηl = cl

1x1 + cl
2x2 + · · ·+ cl

nxn + dl to find a best
UNNRepSupM at c0.
With a slight adaption to the formula set F3 we can also synthesize UNNRep-δ-SupM

easily. We just encode the axiom η −Xη + δ ≥ 0 instead of η −Xη in a straightforward
manner. Because this δ appears linearly in the conditions, we canmake it part of the search
space and find a δ that gives the best bounds on bounded reachability probability. In or-
der to do so, we fix a time bound t ∈ N and minimize the function JηlinitK(xinit) + δt ≥
P

reach≤t
C (linit, xinit).
Now we do a similar construction for L-γ-SclSubM. Conceptually, we do the same as

for UNNRepSupM, that is, we fix a template ηl = cl
1x1 + · · ·+ cl

nxn + dl and encode the
submartingale conditions into formulas of the form ϕ =⇒ ψ. The first two sets of
formulas Fl

1 and Fl
2 are identical to the UNNRepSupM case since L-γ-SclSubM need to

satisfy the same conditions, namely, they are nonnegative in I and take value 1 inside of the
target regionC. The only difference is that we need to encode the submartingale conditions
η ≤ γXη (≡ γXη − η ≥ 0) which gives a slightly different set of formulas Fl

3.

If l ∈ LN , then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) =⇒

(
(γcl′

1 − cl
1)x1 + (γcl′

2 − cl
2)x2 + · · ·+

(γcl′
n − cl

n)xn + (γdl′ − dl) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m, l′ ∈ succ(l)

}

If l ∈ LP, then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) =⇒

(
(γ ∑

l 7→l′
Pr(l, l′)cl′

1 − cl
1)x1 + · · ·+

(γ ∑
l 7→l′

Pr(l, l′)cl′
n − cl

n)xn + (γ ∑
l 7→l′

Pr(l, l′)dl′ − dl) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m

}
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If l ∈ LD, then for each successor l′ ∈ succ(l) there is a unique guard G(l, l′) and

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) ∧

NG
l,l′ ,h∧

j=1

(gl,l′
h,j ≥ 0) =⇒

(
(γcl′

1 − cl
1)x1 + · · ·+ (γcl′

n − cl
n)xn + (γdl′ − dl

n) ≥ 0
)

| 1 ≤ i ≤ NI
l , 1 ≤ jm ≤ NC

l,m, 1 ≤ h ≤ NG
l,l′ , l′ ∈ succ(l)

}

If l ∈ LA, Up(l) = (xv, u) and l′ is the unique successor of l then

if u = f ∈ B(RV , R) and f = JfK = Jr1x1 + r2x2 + · · ·+ rnxn + sK is a linear
expression, then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) =⇒

(
(γ(cl′

1 + r1cl′
v )− cl

1)x1 + · · ·+ (γrvcl′
v − cl

v)xv + · · ·+

(γ(cl′
n + rncl′

v )− cl
n)xn + (γ(dl′ + scl′

v )− dl) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m

}

if u = d ∈ D(R) and E(d) = s, then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) =⇒

(
(γcl′

1 − cl
1)x1 + · · ·+ (γs− cl

v)xv

+ · · ·+ (γcl′
n − cl

n)xn + (γdl′ − dl) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m

}

if u = JAK = J∨NA
l

k=1
∧NA

l,k
j=1(pl

k,jxv + ql
k,j ≥ 0)K ∈ B(R) is given by a linear predi-

cate over {xv}, then

Fl
3 =

{ NI
l,i∧

j=1

(αl
i,j ≥ 0) ∧

NC
l∧

m=1

(−βl
m,jm ≥ 0) ∧

NA
l,k∧

j=1

(pl
k,jxndet + ql

k,j ≥ 0) =⇒

(
(γcl′

1 − cl
1)x1 + · · ·+ (−cl

v)xv + · · ·+ (γcl′
n − cl

n)xn + (γcl′
v )xndet

+ (γdl′ − dl) ≥ 0
)
| 1 ≤ i ≤ NI

l , 1 ≤ jm ≤ NC
l,m, 1 ≤ k ≤ NA

l

}

This set of formulas has two key differences to the previous formulas for UNNRepSupM.
Firstly, the differences are swapped around resulting fromencoding (γXη− η ≥ 0) instead
of (η−Xη ≥ 0). Secondly, the factor γ is added. The condition (γXη− η ≥ 0) is satisfied
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if and only if (γXη(·, σ)− η ≥ 0) is satisfied for every possible scheduler. This observation
allows us to encode it as a conjunctive formula again.
Observe that Farkas’ Lemma transforms the satisfiability problem into a feasibility prob-

lem of the form yT A = (γc+ c′)T and yTb ≤ γd+ d′ where y ≥ 0. For any fixed parameter
γ, this is just a linear feasibility problem. One might want to consider γ itself as a param-
eter to this problem and optimize for that as well. This, however, does not seem to bring
any benefits. First of all, the problem becomes a quadratically constrained linear program
(QCLP) which is harder to solve. Secondly, since γ needs to be strictly less than 1, we have
to introduce a constraint γ < 1 resulting in a non-closed search space where no optimum
may exist. Lastly, larger values of γ are always desirable since if η is a γ-SclSubM, then it is
also a γ′-SclSubM for any γ′ > γ, so the optimizer will necessarily want to bring γ as close
as possible to 1 and as a result will not reach an optimal value.

Theorem 4.1.3 (Synthesis theorem of L-γ-SclSubM). Let sol : A ∪ {y1, . . . , ym} → R be a
solution to the optimization problem induced by the above family of formulas Fl

i where i ∈ {1, 2, 3}
and l ∈ L, then the function η(l, x) = sol(cl

1)x1 + sol(cl
2)x2 + · · ·+ sol(cl

n)xn + sol(dl) is a
L-γ-SclSubM for C supported by the invariant I.

Since γ-scaled submartingales give lower bounds on the reachability probability, we nat-
urally want to maximize its value. This is easily done by setting the objective function toJηlinitK(xinit) (same as for UNNRepSupM) and maximizing it.

4.2 Polynomial Templates
In this section we take a look into polynomial templates-based synthesis methods. The
synthesis procedure is more difficult compared to simple linear templates but polynomial
templates can achieve much better bounds. Consider for example a pendulum-like setting,
where the reachability probability is highest at the endpoints of some interval, but small
at the center. E.g. assume that a variable x takes values in [−1, 1] and the true reachability
probability is given by Preach

C (x) = x2, then the highest reachability probability of 1 is ob-
tained at x = −1 and x = 1. The best linear overapproximation of this probability has to
take value 1 at the points x = 1 and x = −1 which necessarily means it has to take value
1 in between as well. No linear supermartingale can be better than the trivial upper bound
in this case. A polynomial of degree 2, however, is able to give tight bounds.

The setting is as follows. As in the linear case, we assume a pCFG Γ over a finite set of vari-
ables, an invariant I and a target region C are given. Unlike before, we allow all expressions
and predicates to be polynomial, that is, they are induced by the grammar

〈a〉 ::= r | x | 〈a〉·〈a〉 | 〈a〉 + 〈a〉

The template we fix is of the form ηl = ∑ cl
imi + dl where mi is a monomial over the vari-

ables V with degree less than or equal to k ∈N. In other words, we fix a maximum degree
k ∈ N and let ηl be a linear combination of all those monomials with degree bounded by
k. We denote this set of monomials byMk and the set of coefficients by A. The size of
ηl is Θ(Vk+1). Furthermore, we assume that for any used distribution d in the pCFG, all
higher moments E(dm) :=

∫
xmdd are computable. Actually it is sufficient to be able to
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compute all moments up to the (k · k′)-th moment where k′ is the highest degree among
all polynomial expressions used in assignments. The reason is that while η has degree at
most k, the degree of Xη can be (k · k′) after an assignment of a k′-th degree polynomial to
a variable xj.
The construction of the formula setsFl

1 toF
l
3 follow the same pattern as in the linear case.

The only difference is that all formulas ϕ =⇒ ψ constructed this way are polynomial, i.e.,
the formula ϕ is a polynomial conjunctive predicate over the variables V′ = V ∪ {xndet}
(of degree at most k′) and the formula ψ is a polynomial inequality (of potentially degree
up to k · k′) over V′ with coefficients that are affine linear over A. Concretely we have,

ϕ ≡ f1 ≥ 0∧ f2 ≥ 0∧ · · · ∧ fr ≥ 0 where each fi is a polynomial expression over the
variables V′, and

ψ ≡ ∑m∈Mz cmm ≥ 0 where m is a monomial over V′ and cm is a affine linear ex-
pression over the coefficient set A.

This is again a satisfiability problem and may be solved using the decidability of first-
order theories of the real numbers. Decision procedures for this general problem are not
practical, especially considering the size of the formula set. A more practical approach is
to use variations of the so called Positivstellensatz which characterizes polynomials that are
positive on some semialgebraic set.

Definition 4.2.1 (Semialgebraic set). A set W ⊆ Rn is called semialgebraic if it can be de-
scribed as a finite union of sets

Wk = {x ∈ Rn | ∀i ∈ Ik : Pi(x1, x2, . . . , xn) ≥ 0∧ ∀j ∈ Jk : Qj(x1, x2, . . . , xn) = 0}

where Ik and Jk are finite index sets and Pi and Qj are real polynomials over {x1, . . . , xn}.

Note that the formula ϕ exactly represents a semialgebraic set Wϕ. Satisfiability of the
implication ϕ =⇒ ψ (from above) is then equivalent to showing that the polynomial
defining ψ is nonnegative on Wϕ. There are multiple different variations of Positivstellen-
satz that may be used to characterize nonnegative (positive) polynomials on such sets, but
we will consider the version by Schmüdgen.

Proposition 4.2.1 (Schmüdgen’s Positivstellensatz[32]). If the semialgebraic set W = {x ∈
Rn | ∀ f ∈ F : f (x) ≥ 0} defined by a finite set F = { f1, . . . , fr} of polynomials is compact, then
each polynomial p ∈ R[x1, . . . , xn] that is strictly positive on W (i.e. ∀x ∈ W : p(x) > 0) can be
written as

p = ∑
α∈{0,1}r

σα f α1
1 f α2

2 . . . f αr
r

where σα is is a sum-of-squares (SOS) polynomial over {x1, . . . , xn}.

A sum-of-squares polynomial σ is a polynomial of the form σ = ∑i∈I h2
i where each

hi is a polynomial. Note that the degree of σ is necessarily even. It is easy to see that
sum-of-square polynomials are everywhere positive and the polynomials fi in Schmüdgen’s
Positivstellensatz are nonnegative on W. Therefore every polynomial p defined this way
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is necessarily nonnegative on W, and the Positivstellensatz guarantees that every strictly
positive polynomial can actually be characterized this way under some assumptions.
If we consider an implication ϕ =⇒ ψ again, then it is of the form f1(x) ≥ 0∧ f2(x) ≥

0 ∧ · · · ∧ fr(x) ≥ 0 =⇒ p(x) ≥ 0 where p is a polynomial with coefficients in A. The
premise exactly defines the semialgebraic set W and if we change the inequality to a strict
one on the righthand side, then we can apply Schmüdgen’s Positivstellensatz assuming W
is compact. If it is not compact then we might still be able to express p as described but we
lose any guarantees. Thismethod is sound but not complete. Assuming now that p is of the
form p = ∑α∈{0,1}r σα f α1

1 f α2
2 . . . f αr

r , we need to synthesize the sum-of-square coefficients
σα. The following characterization of SOS polynomials is useful.

Proposition 4.2.2 (Characterization of SOSpolynomials). A SOS polynomial σ ∈ R[x1, . . . , xn]
of degree at most 2k can be expressed as

σ = mT Am

where m is a vector of all monomialsMk (monomials of degree at most k) and A ∈ R|Mk|×|Mk| is
a positive-semidefinite matrix.

Combining this characterization of SOS polynomials with Schmüdgen’s Positivstellen-
satz, we can express a positive polynomial p on a semialgebraic set W defined by F =
{ f1, . . . , fr} as

p = ∑
α∈{0,1}r

(mT Aαm) f α1
1 f α2

2 . . . f αr
r

where Aα is a positive-semidefinite matrix. We fix some maximum degree z for the sum-
of-square polynomials and let u = |Mz|,

Aα =

aα
1,1 . . . aα

1,u
... . . . ...

aα
u,1 . . . aα

u,u


and add the all entries aα

i,j into a setA′ of unknown parameters. Note that the degree of the
SOS polynomials may be different than the degree of the martingale we want to synthesize.
We can choose a large enough degree to guarantee that we find a solution if it exists, or use
lower degree polynomials to speed up the synthesis process. Either way, we have to fix a
maximum degree z ∈N. Then for any given implication f1(x) ≥ 0∧ · · · ∧ fr(x) ≥ 0 =⇒
p(x) ≥ 0 with p having coefficients in A, we can set p = ∑α∈{0,1}r(mT Aαm) f α1

1 f α2
2 . . . f αr

r
and by comparing coefficients of the monomials on each side, we get a set of linear equali-
ties over the variablesA∪A′ (one equality for eachmonomial). The only non-linear condi-
tions we have are the semi-definiteness conditions on Aα. This problem is readily solvable
by semi-definite programming[33].
There are other versions of the Positivstellensatz which have been successfully applied in

practice (see [9]) such as Putinar’s Positivstellensatz[34] or Handelman’s Theorem[35]. These
are less general than Schmüdgen’s version but allow a much more succinct description of
the polynomial p, which in turn accelerates the synthesis procedure.
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4.3 Experiments
For the experiments we synthesize the 3 following types of martingales via linear template
synthesis.

1. UNNRepSupM to overapproximate P
reach
C ,

2. L-γ-SclSubM to underapproximate Preach
C ,

3. UARnkSupM to overapproximate E
steps
C and decide a.s. termination.

We have not implemented the polynomial synthesis algorithm but for results on that we
refer to

Polynomial additive ranking supermartingales by Chaterjee et al.[9]

Polynomial UNNRepSupM and L-γ-SclSubM by Takisaka et al. [11]

Polynomial higher order ranking supermartingales by Kura et al. [14]

In order to specify the invariant and the target region conveniently, we enhanced the
syntax of APP by two new constructs to annotate locations.

{ x = 0} / / In v a r i an t annotat ion
1 . x : = uni f ( 0 , 1 ) ;

{0 <= x and x <= 1 } / / I n v a r i an t annotat ion
[ x <= 0 . 5 ] / / Target region annotat ion

2 . sk ip ;

Thefirst location is annotatedwith the invariant x = 0 and the second location is annotated
with an invariant as well as a target region. The target region is C = {(l, x) ∈ (L×R) |
l = 2 ∧ x ≤ 0.5}. In this case, the annotated skip statement is equivalent to the statement
"assert <= 0.5".
The first examples we look into are variations of the 1d random walk (Listing 4.1) with

different starting values and transition probabilities. We start from a value s = N ∈ [0, 50]
and increase that value by 1 with probability P or decrease it by 1 with probability (1− P)
until the value reaches either one of the bounds 0 or 50. We are interested in the probability
that it reaches 50, i.e. Pr(♦(s >= 50) | s0 = N, P).
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Parameters (N, P) P
reach
C UNNRepSupM L-γ-SclSubM (γ = 0.9999)

(25, 0.5) = 0.5 ≤ 0.5 ≥ 0
(35, 0.5) = 0.7 ≤ 0.7 ≥ 0
(15, 0.5) = 0.3 ≤ 0.3 ≥ 0
(25, 0.51) ≈ 0.7311 ≤ 1 > 0.4896
(10, 0.51) ≈ 0.3813 ≤ 1 > 0.1836
(25, 0.49) ≈ 0.2689 ≤ 0.5 ≥ 0
(40, 0.49) ≈ 0.6187 ≤ 0.8 ≥ 0
(25, 0.2) < 0.0001 ≤ 0.5 ≥ 0
(15, 0.8) > 0.9999 ≤ 1 > 0.2856
(40, 0.35) ≈ 0.002 ≤ 0.8 ≥ 0

Table 4.1: Probability bounds for 1d-RandomWalk

Listing 4.1: 1d Random Walk
s : = N;
{ s >= 0 and s <= 50 }
while ( s >= 1 ) do

{ s >= 0 and s <= 50 }
while s >= 50 do

{ s = 50 }
a s s e r t t rue ;

od ;
{ s >= 1 and s <= 49 }
i f prob ( P ) then

{ s >= 1 and s <= 49 }
s : = s + 1 ;

e l s e
{ s >= 1 and s <= 49 }
s : = s − 1 ;

f i ;
od ;
a s s e r t f a l s e ;

In the first three cases, the true probability function is indeed a linear function so the
linear synthesis procedure for UNNRepSupM is able to find it as shown in Table 4.3. Also,
the expected number of steps to termination in those cases is infinite. If T denotes the first
hitting time, then the expectation E(T) is infinite for all cases and in particular the best
possible γ-scaled submartingale is E(γT) which equals 0 if T = ∞. Also note that the best
possible linear function in s that overapproximates Preach

C at linit is η(linit, s) = s/50 since
it is the least linear function that satisfies η(linit, 0) ≥ 0 = P

reach
C (linit, 0) and η(linit, 50) ≥

1 = P
reach
C (linit, 50). This function was found whenever possible. The γ-scaled super-

martingale is stricly below the optimal linear bound resulting from the γ-scaling. In all
cases, only one of the supermartingales is able to give non-trivial bounds.
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For the next example we consider the cooling system (Listing 4.2) of a refrigerator which
constantly tries to cool down the refrigerator from a starting temperature until it gets close
to a desired target temperature. Working against this process is a natural temperature ex-
change between the refrigerator and the outside. Wewant tomake sure that the refrigerator
is guaranteed to reach its target temperature eventually.
For the concrete scenario, we start with a non-deterministic outside temperature given

by some closed interval [T1, T2] and a starting temperature Tinit of the refrigerator. In ev-
ery iteration, the refrigerator first exchanges temperature with the outside in the following
manner: with a probability of 0.9 the refrigerator is closed and the exchange is slow; with
a smaller probability of 0.1 the refrigerator is open and the exchange is faster. Afterwards,
the cooling system cools the refrigerator towards the target temperature Ttarg. This pro-
cess continues until the target temperature is reached within an error of some ϵ > 0. The
exchange rates are dependent on the temperature gradients between the refrigerator’s in-
side and the outside or the target, respectively. We note that the expected reaching time is
measured in transitions, not loop iterations.

Listing 4.2: Refrigerator cooling system

/ / Iglobal : = {0 <= f and f <= oT and T1 <= oT and oT <= T2 }

oT : = ndet ( Real [ T1 , T2 ] ) ;
{T1 <= oT and oT <= T2 }
f : = Tinit ;
{ Iglobal }
while ( f − Ttarg >= ϵ ) do

{ Iglobal and f − Ttarg >= ϵ }
i f prob ( 0 . 1 ) then

{ Iglobal and f − Ttarg >= ϵ }
f : = f + 0 . 2 ∗ ( oT − f ) ;

e l s e
{ Iglobal and f − Ttarg >= ϵ }
f : = f + 0 . 0 5 ∗ ( oT − f ) ;

f i ;
{ Iglobal and f − Ttarg >= ϵ }
f : = f − 0 . 5 ∗ ( f − Ttarg ) ;

od ;
a s s e r t t rue ;

The results in Table 4.3 show that, while the overapproximation of the upper expected
reaching time is orders of magnitude off, the ranking supermartingale method is able to
decide positive almost sure termination whenever possible. As a reference, we also used
γ-scaled martingales to underapproximate the true reachability probability. For the first
two cases, the UARnkSupM is able to show positive a.s. termination for different starting
temperatures. In the third case, the outside temperature can be 24 units, and the cooling
system is not able to overcome the natural heat exchange in this case and reach close to the
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Parameters ([T1, T2], Tinit, Ttarg, ϵ) E
steps
C UARnkSupM L-γ-SclSubM (γ = 0.9999)

([20, 23], 15, 7, 1) ≈ 33 ≤ 4803 > 0.6175
([20, 23], 23, 7, 1) ≈ 37 ≤ 7363 > 0.4137
([20, 24], 15, 7, 1) ∞ ≤ ∞ ≥ 0

([20, 23], 15, 7, 0.977) ≈ 53.52 ≤ 237627 ≥ 0
([20, 23], 15, 7, 0.9765) ∞ ≤ ∞ ≥ 0
([20, 23], 15, 6.5, 1) ∞ ≤ ∞ ≥ 0
([20, 23], 15, 6.7, 1) ≈ 41.16 ≤ 21822 ≥ 0

Table 4.2: Expected cooling time

target temperature of 7 units. In the fifth case, the cooling system in not able to go below
a temperature of 7.9765 units, while case (4) shows that it will eventually go below 7.977.
Comparing the parameter sets (4) and (5), we see that the inspected case (4) is very close
to not be positive a.s. terminating, yet a ranking supermartingale could still be synthesized,
despite its huge inaccuracy. For the last two cases we changed the target temperature, which
also accelerates the cooling process. A target temperature of 6.5 is not positive almost sure
reachable, while 6.7 is eventually reached. In all cases, the γ-scaled submartingale gave less
information about the process than the ranking supermartingale.
The high discrepancy between the true expected reaching time and the ranking super-

martingale can be explained when considering the sequence of refrigerator temperatures
after each loop iteration. Generally, the temperature falls steeply during the first few it-
erations but quickly starts to change in small decrements (exponential decay). In case (1)
for example, if the temperature of the refrigerator is exactly at the boundary of 8 units,
then an iteration brings it down to 7.9875 which equals a decrement of 0.0125 units. Since
the ranking supermartingale has to overapproximate this decrease, it can decrease by at
most 0.0125 units, and by linearity, it must globally decrease by at most 0.0125 per iter-
ation. From a starting temperature of 15 with a decrease of at most 0.0125 per iteration,
it takes at least 560 loop iterations, equaling 2240 transitions, until the temperature goes
below 8, that is, the loop terminates. Furthermore, the ranking supermartingale has to be
nonnegative across the whole invariant, including the never reached case of a zero temper-
ature inside the refrigerator. And dropping down to 0 instead of 8 under the exact same
conditions does indeed take 4800 transitions inside the loop, and 3 outside, totaling the
computed 4803. Doing the same calculation for a starting temperature of 23 units, we see
that is takes 7363 transitions to reach 0. The synthesized linear ranking supermartingale
is thus optimal under the given conditions. Raising the lower bound of the refrigerator’s
temperature from 0 to some higher value does improve the computed expected reaching
times.



5 Related Work

This chapter discusses work related to the topic of this thesis. This serves to inform the
reader on similar work for further reading and comparison.

Themost similar work to this thesis is done by Takisaka et al.[11] and Kura et al.[14]. Indeed,
much of thesis is inspired by their work and our notation follows their’s very closely. Tak-
isaka et al. derive martingale-based methods purely via their fixed point theoretic frame-
work based on Knaster-Tarski’s theorem as well as Cousot-Cousot’s theorem. Their reason-
ing principles do not rely on probabilistic theory at all and yet derive mostly the same re-
sults as was commonly done before usingmartingale theory. In this thesis wemake a direct
comparison between their fixed point theoretic approach and commonly used martingale
theory. To our knowledge, the results of Kura et al. regarding higher order ranking super-
martingales are completely new, in the sense that higher order ranking supermaringales
have not been characterized via martingale-theoretic methods. Here the fixed point theo-
retic approach seems to have an advantage.

Chatterjee et al. use common martingale theory in [9] and [36] to argue about positive al-
most sure termination via additive ranking supermartingales and show how polynomial-
template synthesis can be performed using Positivstellensatz. A similar work was done by
Chakarov et al. in [12]. In another work for theirs [13], they combine the idea of repulsing
supermartingales and ranking martingales together with a new notion of probabilistic in-
variants to deduce upper bounds on reachability probabilities. We briefly discussed this
idea in Subsection 3.2.3 and explained it advantages. In short, a probabilistic invariant is
a predicate which is not guaranteed to be an invariant but may be one only with a certain
probability. The idea is that this kind of predicate may be stronger than pure invariants,
and possibly strong enough to deduce positive almost sure reachability via ranking super-
martingales. A lower bound on this probability can be computed using repulsing super-
martingales.

Chakarov et al. give sound rules to decide the qualitative properties of almost sure recur-
rence and almost sure persistence[27]. Similar to our work on recurrence in Subsection
3.2.6, they give slight variations of ranking supermartingales to witness almost sure recur-
rence but also almost sure persistence. They use polynomial synthesis methods to find
such supermartingale expressions automatically. Unlike our work, they do not consider
recurrence probabilities at all.
Chakarov and Chatterjee focus their work directly on polynomial systems from the very

beginning and do not develop a more general theory on general probabilistic programs.
Furthermore, they generally only deal with a single form of non-determinism

In a different setting, Avanzini et al. consider probabilistic term rewriting[7], an extension
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of usual term rewriting. Unlike standard programs, term rewriting naturally incorporates
non-determinism in form of choice of the rewriting rule to be applied. Avanzini et al. show
that probabilistic ranking functions are applicable in term rewriting to decide almost sure
termination. Their work uses polynomial as well as matrix interpretations to automatically
derive ranking expressions. Unlike the other works, they employ SMT-based synthesis in-
stead of optimization-based synthesis.

In a different direction, Kaminski et al. [37] use a weakest precondition calculus to compute
expected running times of programs and hence decide almost sure termination. They use
a runtime transformer which easily computes the expected runtime of loop-free programs
but needs a least fixed point computation to handle loops. In order to avoid this fixed point
computation they consider using approximations via upper invariants and incremental in-
variants to bound loop runtimes.

In comparison to thementionedworks, this thesis gives an overview over variousmartingale-
basedmethods and derives known results in a uniformmanner. In particular, we give a uni-
fied view on the fixed point theoretic approach as well as the martingale based approach
and establish the close resemblance between martingales and fixed points.



6 Conclusion

This thesis shows that the martingale-based approach to the verification of probabilistic
programs can be developed from two quite distinctive theoretic foundations. The martin-
gale theoretic approach comes from the probabilistic nature of probabilistic programs and
as such heavily relies on probability theory. On the other hand, the fixed point theoretic
approach puts the focus on the programs whose semantics are classically characterized by
fixed point equations (e.g. semantics of loops). As such, the fixed point theoretic approach
is often adopted in verification of many deterministic systems. This work shows that it can
also handle probabilistic programs effectively in a uniform manner. The key observation
is that the concept of probabilistic martingales, sub- and supermartingales are very closely
related to order-theoretic fixed points, post-fixpoints and pre-fixpoints, respectively.

Martingale-based techniques are not restricted to the classical boolean decision problems
of deciding certain properties (e.g. termination, safety or liveliness) in typical deterministic
verification, but they also naturally extend to quantitative reasoning about probabilities of
programs. They theoretically span a variety of problems, ranging from deciding boolean
almost sure termination, reachability and recurrence to quantitatively lower and upper
bounding the respective probabilities. Martingales are also naturally able to handle non-
determinism; an even further extension of probabilistic programs.

Furthermore, martingales of certain shape can automatically be found by employing well-
known optimization procedures such as linear programming and semi-definite program-
ming. While the martingale-based approach generally gives sound and oftentimes even
complete ways to show certain properties or bounds on probabilistic programs, the practi-
cal application via template-based synthesis seems to lack in many ways. Especially linear
repulsing martingales tend to give very bad or even trivial results about rather simple pro-
grams.
An obvious problem here is that many programs that are not surely terminating, es-

pecially ones containing loops have a termination probability that is exponential in the
variables. The example of a random walk clearly shows that linear supermartingales can
work very well and give tight bounds in the unbiased case because the true termination
probability is indeed a linear function. However, a slight bias already gives a exponential
true probability function which is only badly approximated by linear functions. Indeed,
even polynomial supermartingales are unable to give tight bounds in this case. On the
other hand, even if a linear ranking supermartingale is off by orders of magnitude, as long
as they witness finiteness they can witness termination, making them more useful in gen-
eral. The approach by Chatterjee et al. in [13] by using probabilistic invariants might be the
right approach to leverage the robustness of ranking supermartingales against inaccuracies
and to use them in conjunction with repulsing supermartingales to witness probabilistic
bounds.





7 Future Work

The presented theory and practical methods in this work allow further research and exten-
sions in possible future work. In this chapter we summarize some of these possibilities.

Extending to Other Martingale-based Methods. We only considered a few of the known
martingale-basedmethods in this work and can potentially enlarge this unified framework
to include other martingale-based methods, such as supermartingales for persistence[27]
and nonnegative repulsing ϵ-supermartingales[13] for reachability probabilities. The for-
mer of these two is a supermartingale that strictly drives away from the target region by
some fixed value ϵ in each transition. In this sense, it has similarities to ranking super-
martingales which drive towards the target region with a lower bounded step size. These
repulsing supermartingales may be used to derive upper bounds on reachability probabil-
ities.

Improved Synthesis. Linear template-based synthesis turned out to lack accuracy to give
meaningful probabilistic bounds. An obvious extension asmentioned in Chapter 4 is by us-
ing polynomial templates in conjunction with semi-definite programming to achieve bet-
ter bounds. Another possibility is to use piece-wise linear or polynomial templates which
can break down the problem of globally overapproximating into locally overapproximat-
ing. This could give tighter bounds in many cases. Ideally, we would like find exponential
martingales which are much more capable of tracking probabilities in looped programs,
but we do not know of possible ways of synthesizing exponential functions automatically.

Stronger Selection Theorems. Formany proofs we needed the existence of ϵ-optimal sched-
ulers, which was not guaranteed for general universally measurable functions. This lead
to the need of extra existence assumptions. For lower semianalytic functions it is known
that ϵ-optimal selection is possible as proven in [18]. The fundamental theorem used to
prove this result is Jankov-von Neumann’s Selection Theorem for analytic sets. There exist
stronger versions of this theorem, some of which deal with (optimal) selection related to
universally measurable sets (e.g. in [38]). Maybe these can be used to find a more general
theorem that shows the existence of ϵ-optimal schedulers for a bigger class of functions,
ideally the class of universally measurable functions.
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Task

With applications in learning, randomized construction, and control theory, probabilistic
programming currently receives considerable attention and is on its way to becoming an
established part of the computing infrastructure we interact with and rely on every day.
It is thus not surprising that there is similarly high interest in verification techniques for
probabilistic programs. Amodern such verificication technique aremartingalemethods. A
martingale is a stochastic process that is (in a precise sense) fair, and thus suitable for mod-
eling long-running systems in which the components frequently interact. A classic verifi-
cation technique, dating back to the analysis of deterministic programs, are fixed points.
What is interesting about fixed points is that the domain of computation can be chosen
freely (as long as very mild assumptions apply). It is thus natural to ask whether the re-
cent martingal-based methods can be cast in terms of fixed points, and perhaps vice versa.
Addressing this question is the task of the present Masters thesis.
TheMasters thesis should compare martingale-based and fixed-point-based verification

techniques for probabilistic programs. The correctness properties should include quali-
tative as well as quantitative aspects and safety as well as liveness concerns. On the algo-
rithmic side, the comparison should be as broad as possible. Once a relationship between
martingales and fixed points has been established, generalizations to submartingales and
prefix points resp. supermartingales and postfix points shall be studied.


